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RECONSTITUTION OF COMPLETE ORGANS FROM SINGLE-CELL 
SUSPENSIONS OF CHICK EMBRYOS IN ADVANCED STAGES OF 
DIFFERENTIATION 


3y PauL Wetss ANb A. C. Taytor* 


THE ROCKEFELLER INSTITUTE, NEW YORK CITY 


Communicated July 25, 1960 


embryonic development proceeds in long sequences of interactions among cells 
and cell groups. Some of these interactions determine essential characteristics 
of tissues and organs, whereas others are merely of a permissive nature. For a 
given portion of an egg or embryo, the relevant interactions may (a) occur almest 
entirely within its own confines, or (b) be initiated, expedited or specifically sup- 
plemented by interactions with other portions. Principle (a), referred to under 


various names (‘“‘autonomization,”’' “emancipation,”? “segregation,’’*  ‘‘self- 


organization,’ °) has been _— by Weiss as the most basic, yet also most 


obscure, property of a developing Srganism.? Principle (6), commonly referred 


to as “induction” ® ® and implying all sorts of adjuvant and permissive steps along 
the course of (a), however, has commanded an ever greater share of attention, 
work, and emphasis in recent years, to the point of creating the illusion, especially 
among those not fully familiar with the intricacies of embryology, that the principle 
of “induction” holds the major, if not the exclusive, key to the understanding of 
development. It is with a view of restoring a more balanced perspective that we 
present the results reported in this paper, even though they are still incomplete. 
They are so unexpectedly demonstrative in proving the scope and power of principle 
(a), 1.e., of self-organization without instructive outside intervention, that it seems 
warranted to communicate them at this time. They demonstrate the fact that 
cells which have already constituted a functional organ can, after complete isola- 
tion, dispersal, and random recombination, reconstitute that same type of organ 
once again, and can do so in an indifferent environment from which they could have 
received no cues as to how to do it. 

The study of the behavior of metazoan cells liberated from their organized 
tissue associations in the body, begun in sponges and hydroids,’:* has recently 
been extended with signal success to higher forms. The new trend had two points 
of origin. In 1950 and ’52, Weiss and Andres’: ' used single cell suspensions, ob- 
tained by dissociating embryonic tissues, to study the fate of such cells when dis- 
seminated in older embryos by the vascular route. Also in 1952, Moscona and 
Moscona!' used cells from dissociated embryonic tissues to test their ability to re- 


aggregate and to proceed with typical histogenesis in tissue culture. 
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The methodology of tissue dissociation has since confirmed its value for the 
study of development in further work by Moscona, Grobstein, Zwilling, Wolff, and 
others. The foci of interest and emphasis in these studies varied, centering on the 
following issues (giving only sample citations): (1) Effects of the isolating pro- 
cedure—mechanical; enzymatic (trypsin); chelation (versene)—(2) Mode of re- 
union (clustering) of dispersed cells—(3) Type-specific self-sorting of mixed cell 
populations!*—-(4) Mechanism of self-sorting'*—(5) Interactions between separated 
and then recombined components (e.g., epithelium and mesenchyme of composite 
tissues!*: '®)—(6) Retention versus loss of properties by cells in isolation'*—(7) 
Residual alterations imposed upon cells while in the isolated stage'’—(8) Problems 
of critical mass minima! '*—(9) Capacity for continued histogenesis of isolated 
cells—and (10) Capacity for progressive morphogenesis of reaggregated cell groups. 

‘or our present purpose, the last two points are the key items. The categorical 
distinction between histogenesis and morphogenesis is based on the greater sim- 
plicity and uniformity of the results in the former case, as contrasted with the 
complex nature, coupled with a high degree of over-all regularity and spatial order, 
in the latter. For instance, callus formation in a fractured bone is histogenesis, 
whereas the regeneration of a complex, bone-containing limb from a blastema in 
amphibians rates as morphogenesis. Plain keratinization of skin is histogenesis, 
but the formation of a feather is morphogenesis. Yet, this distinction is not to 
imply that morphogenesis might not eventually be resolved into sequences of 
ordered interactions according to specific space-time patterns of simpler histo- 
genetic components.” 

As Moscona?! was the first to show, cells destined to give rise to cartilage or 
kidney, when reassembled after isolation and reared in tissue culture, continue in 
their erstwhile courses of histogenesis, producing cartilage and nephric tubules, re- 
spectively. Moreover, if provided with the proper stroma, a glandular blastema 


may give rise not just to a random coil of tubules, but to a system of branched 


ducts of such regularity of dimensions, arrangement and mutual spacing?® that this 
can definitely be classified as an elementary process or morphogenesis. 

However, the powers for organ resyntheses of a more complex order have re- 
ceived scant attention. Andres?’ observed that random scrambled embryonic 
cell suspensions incorporated in the yolk sac of the chick embryo can develop into 
organized, very complex bodies, containing many different and well-differentiated 
organ parts (brain, ganglia, skeleton with joints and muscles, skin with feathers, 
ete.), and that, furthermore, these parts tend to appear in certain constant con- 
stellations relative to one another. Although this was presumably the first clear 
indication of the far-reaching faculty for morphogenetic self-organization within 
heaps of random-scrambled embryonic cells, the instructiveness of these experi- 
ments suffered somewhat from the fact that they were mostly done with cells 
from very young stages, (1-4 days of incubation age), when cellular potencies are 
still rather wide. Subsequently, however, Weiss and James" found that the general 
principle held for later stages as well, as they could show that a random scramble 
of skin cells from the 8-day chick embryo, when the general cutaneous speciali- 
zation is already fixed and actual feather germs are present, could still, after re- 
compacting and cultivation on a blood plasma clot in vitro, give rise to feathers, 
the formation of which presupposes a highly coordinate group performance of the 
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participating cells. But after having given evidence of their competence for specific 
self-organization, these miniature feather buds ceased to develop further, obviously 
for lack of vascularity in their pulp. 

It was a natural step from these experiences to try to get the cell masses to 
develop beyond the stages they had managed to reach in tissue culture, by letting 
them acquire blood supply, yet still in a sufficiently neutral environment. In line 
with standard practice, we chose for this purpose the chorio-allantoic membrane 
of chick embryo. 

The cells to be tested were taken from chick embryos between 8 and 14 days of 
age. In the present article, we shall confine our discussion to the results with 
kidney, liver and skin. Mesonephros and liver at this age have reached an ad- 
vanced stage of differentiation and functional activity. Although they are yet to 
undergo much further growth, their extant parts exhibit already the essential 
cytological and histological features by which one ordinarily identifies the particular 
mature organ. The metanephros is still largely in a blastematous state. The 
skin is still primitive, but already contains young feather germs. 

Organs of one type freshly excised from several embryos were pooled, minced, 
and incubated for one-half hour in a mixture of trypsin and pancreatin in Ca-Mg- 
free Earle’s solution. The resulting cell suspension was washed, in some cases 
passed through a nylon strainer to remove any residual clumps, concentrated by 
mild centrifugation, and moderate amounts of the mushy aggregate were then de- 
posited by pipette on the chorio-allantoic membranes of 8-day embryos. 

The grafts were left to develop for an additional 9 days, giving them a total age 
of from 17 to 23 days. They were then located, excised, fixed in Bouin’s, and 
sectioned. Results of the microscopic examination of some of the farthest de- 
veloped sample specimens are summarized in the following: 

The most striking features were (1) the completeness and normal texture of the 
whole assortment. of histological components typically to be found in the respective 
developed organs; (2) the typical architectural pattern and distribution of these 


components within the reconstituted organs; (3) the polarization of this archi- 
z I 


tecture along an axis transversely from the outer to the inner side of the chorio- 
allantoic membrane; (4) the graft-specific configurations assumed by connective 
tissues and blood vessels within the grafts; (5) the manifestations of functional 
activity; and (6) the lack of residual signs of large-scale cell disintegration, such 
as pycnotic cells or necrotic patches, within solid blocks of healthy tissue. 

The detailed observations were as follows: 

Kidney.—The case of metanephros illustrated in Figure 1 shows a bilaterally 
symmetrical organ between an outer capsule and an inner pelvis-like cavity, with 
typical secretory and collecting tubules, the latter radiating as a rete toward the 
lumen, into which some of them can be seen to open. Glomeruli are found in the 
outer portion, where blood vessels abound, but in this particular specimen they 
are relatively scarce. By contrast, the case of Figures 2 and 3 shows a more 
flattened kidney, richly stocked with Malpighian corpuscles, each with a blood- 
filled glomerulus, evidently formed by invading host capillaries, enveloped by the 
membranous funnel of a tubule. The straight portions of the tubules follow again a 
general transverse direction, merge in their course and, some at least, break through 
the allantoic wall. The cytological distinction between the different segments of 





Fig. 1.—Section through a graft of scrambled metanephric cells 9 days after being placed on a 
chorio-allantoic membrane. Reorganization has resulted in a symmetrical organ with cortex (C), 
medulla (M), and pelvis-like cavity (P). Radial collecting tubules (T) are seen, some opening into 
the pelvis (O). X 38. 

Fig, 2.—Section through another graft of kidney cells. M - Malpighian Corpuscle. S - Straight 
portion of collecting tubule. O-Tubule opening into allantoic cavity. E - Nest of eosinophil 
leucocytes. & 103 
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Fig. 3.—Several Malpighian Corpuscles from the same graft as that shown in Fig. 2. G- 
Glomerulus. _F - Funnel of collecting tubule. —P - Large cells of proximal convoluted tubule. D- 
Small cells of distal convoluted tubule. E - Nest of esosinophil leucocytes. > 450. 

Fig. 4.—Section through a graft of scrambled liver cells showing reorganization attained by the 
ninth day after being placed on a chorio-allantoic membrane. X 38. 
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Fic. 5.—Higher magnification of the same chorioallantoic graft of liver cells as that shown in 
Fig. 4. B- Bile c — iry in acord of parenchymal cells. S-Sinusoid. C - Canaliculus containing 
bile concrement. - Venous sinus. E - Endothelial cells. H - Hem: itopoietic island. K - 
Kupffer cell. 

Fig. 6.—Another graft of liver cells. B- Bile duct. C- Bile canaliculi. V- Venous sinus, 
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tubules (large cuboid cells lined by a brush border or smaller cells with smooth 
contours) are quite well marked. Mitotic activity is prominent. Interspersed 
with the formed structures are nests of eosinophil leucocytes, which undoubtedly 
represent hematopoietic sites, although their origin, whether from graft or host 
cells, remains undecided. One is tempted to identify the sequestered coagulum 
in the pelvic enlargement in Figure | as a secretory product of the graft, but since 
it contains remnants of cells and no uric acid tests were made, it may be simply ¢ 
sloughed-off part of tissue. On the other hand, the turgor of the tubules is strongly 
indicative of their having been in functional operation. More conclusive signs 
of functional sufficiency have been found in the liver grafts to be described next. 

Liver.—F igure 4 shows a compact oval-shaped organ within a wide connective 
tissue cortex rich in blood vessels. The parenchyma consists of typical ramified 
liver trabeculae, each cell column holding a bile capillary in its center and bordering 
on sinusoids at the periphery. In higher magnification (Fig. 5) are seen bile 
capillaries which feed into canaliculi, whose content of green bile concrements gives 
evidence of active secretion. In Figure 6, a well developed duct with large ciliated 
cells, which proximally connects with canaliculi and distally discharges into the 
allantoic cavity, presumably represents a bile duct; 1t has diverticula of the sort 
described for certain species. Rather centrally located in the mass of liver paren- 
chyma, there are wide venous sinuses, the vascular connections of which have not 
yet been traced. Within the parenchyma lie numerous hematopoietic islands with 
various types of blood cells in formation, and interspersed among the liver cords 
are large macrophages (Kupffer cells) with greenish tinted cytoplasm, suggesting 
the presence of hemosiderin from digested erythrocytes. Mitotic activity is present 
throughout the parenchyma. 

Skin.—As in the prior experiments of Weiss and James," feathers have formed, 
but by virtue of their vascularization they have developed far beyond the stage 
of simple buds. The reaggregated epidermis sheets have closed into vesicles into 
which the sprouting feathers protruded, crowding each other as they grew. Each 
was set in a separate regular follicle over a typical feather papilla and consisted of 
cornified barbs symmetrically flanking a typical shaft. In the most advanced 
cases, these feathers measured a few millimeters in length. 

The described specimens were the best thus far obtained in these preliminary 
and not numerous experiments, in which, moreover, a variety of procedures had 
been tried. Some major variables were the tissue type and species of origin of 
the inoculum; the degree of compacting (cell density) and the size of the clumps 
grafted to the membrane; and the manner in which the cells were deposited. In 
some of these combinations, no traces of the grafts were later found, in others, 
especially heteroplastic grafts (e.g., rabbit to chick), heavy inflammatory reactions 
and graft necrosis were observed, and in still others, only small scattered islands 
were recovered, which had undergone histogenesis, but no morphogenetic organi- 
zation. In view of the variability of conditions and of the small number of trials 
in each set, the erratic nature of the results is not surprising. At any rate, while 
the failures remain to be accounted for, the positive cases here described are in- 
controvertible proof that, given the proper conditions, cells that had already been 


parts of a functional organ can, after dispersion and random recombination, re- 
engage in a collective reconstitution of that particular organ without outside in- 
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structions or specific “inductive” help. To grasp the cogency of this point, it is 
essential to bear in mind that whatever the blood supply and the chorio-allantoic 
environment may have contributed to letting the observed formations accomplish 
their advanced development, they certainly could have added nothing to make the 
liver cells reconstitute a typical liver; the kidney cells, a typical kidney; and the 
skin cells, feathers; for blood supply and site were identically the same for all of 
them. 

In other words, the cells of the various tested organs, at the time of their isolation, 


must have already contained some specific properties, or what in modern lingo 
would probably be called “information,” distinctive of the kind of organ of which 
they had formed part and must have been capable of translating that ‘“information”’ 


into a repeat performance. Now, obviously this does no more than rephrase the 
problem. The only certain fact for the present is that the cells collectively can 
do it. Just how, will have to occupy research workers for quite some time to come. 

The answer will not be simple. Off hand, at least the following phenomena will 
have to be taken into account as possibly contributory to the effect. (1) Re- 
assortment of cells that were already terminally specified according to kind, like to 
like, (e.g., secretory tubule cells joining other secretory tubule cells). (2) Re- 
association of such cells with complementary cell kinds (e.g., epithelial cells com- 
bining with their corresponding stroma cells). (3) Recruitment and assimilatory 
induction of younger blastema cells to join such more advanced groupings as listed 
under (1) and (2). (4) Migration or other displacement of specific cell groups into 
locations within the whole unit where conditions are uniquely favorable for their 
kind. (5) Internal inductive actions emanating within the cell collective from a 
cell group of type a and acting on an adjacent one of type 6, calling forth in the 
latter a conforming response of differentiation (e.g., the process by which the blind 
end of a kidney tubule causes a nearby capillary loop of a chorionic vessel to pro- 
duce a glomerulus). (6) Reciprocal inductive actions of 8 on @ (e.g., perhaps the 
formation of a Malpighian unit by the nephron in response to the glomerulus). 
(7) Selectively enhanced proliferation of tissue components in their appropriate 
relative positions, representing “ecologically favorable sites’? in the metabolic 
economy of the growing organ; as well as, conversely, selective destruction at 
unfavorable sites. (8) Mutual regulation of growth among different components 
of an organ so as to harmonize their growth rates in the joint production of com- 
posites. 

Some of these points are well attested, others are quite hypothetical. At any 
rate, in view of our limited data, it would be quite impossible to assess their respec- 
tive shares in the reported results. The only firm conclusions that can be drawn 
at the moment are: (1) Since the grafted cells, whose morphological arrangement 
had been completely disrupted, accomplished on a neutral test site a second organo- 
genesis strictly corresponding to the organ from which they had been isolated, they 
must have achieved their transformation from the random scrambled into the 
morphologically fully organized state wholly by “self-organization,”’ that is, by 
virtue of properties residing within the isolated cell population, unaided by specific 
inductive instructions from without. (2) Since an arbitrary sample of a mixture 
of cells from an organ could reconstitute a miniature replica of the respective organ 
of rather harmonious proportions, with a rather full complement of the typical 
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cell types in rather normal mutual distributions, one must (a) take seriously the 
“field properties of such cellular collectives (Weiss ’39,? more specifically, 
Weiss ’53,%), and (b) make more systematic efforts to fill ‘‘field’’ terms (or 
even more urgently, “information” terminology), wherever possible, with concrete 
data along such lines as indicated by the eight points just listed. 

lor the rest, the best we can hope for is that the confrontation with phenomena 
as inexplicable, though analyzable, as the ones dealt with in this paper, will de- 
flect at least some attention and investigative effort back towards the fundamental 
problems of self-organization from such one-sided, illogical and illusory pursuits as 
e causes’ embryonic differentiations. 


the quest for ‘‘the’’ inductive agent that “ 


Summary.—Single-cell suspensions prepared from kidney, liver, or skin of 8-to- 


14-day chick embryos, scrambled, recompacted, transplanted to the chorio-allantoic 


membrane of 8-day embryos, and examined 9 days later, proved to have been able 
to give rise to remarkably complete and morphologically well organized organs of 
the respective kinds, with the various tissue components in their normal mutual 
relations and functional activity. The results re-emphasize internal “self-organi- 
zation”’ as one of the most basic problems in the study of development, in contra- 
distinction to contemporary preoccupation with external “inductions.” 


* These investigations were supported in part by grants from the American Cancer Society and 
the National Cancer Institute (National Institutes of Health of the Public Health Service), and 
significantly aided by the competent technical assistance of Mr. Albert Bock. 
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REAPPEARANCE OF CERTAIN STRUCTURAL FEATURES OF NATIVE 
COLLAGEN AFTER THERMAL TRANSFORM ATION* 


By Rosert V. Rice 
MELLON INSTITUTE, PITTSBURGH, PENNSYLVANIA 
Communicated by Paul J. Flory and read before the Academy, April 25, 1960 


The banded structure of native collagen fibrils! with a coiled-coil? arrangement of 
three peptide chains, and the dissolution of fibrils to macromolecules': *~* (tropo- 
collagen or TC) with subsequent reconstitution to fibrous forms! ®7 are now well 
established. 

Collagen fibers may shrink to as little as 20% of their original length upon heat- 
ing;* tropocollagen solutions exhibit decreased intrinsic viscosity, decreased optical 
rotation, and decreased molecular weight when heated.*: 4. 8-'* The transitions 
are sharp, occurring over a range of only two or three degrees centigrade. On 
cooling heated collagen solutions, optical rotation and viscosity gradually approach 
but do not reach their original values.!: *: 4.*~!4 Much other evidence (from wide 
angle X-ray diffraction,! infrared spectra,'* light scattering,‘ and various physico- 
chemical measurements!: *: 4: *~'4) indicates that chilling gelatin partially restores 
the original (collagen) order of peptide chains. Information on the size and shape 
of regenerated particles cannot readily be obtained from wide angle X-ray, optical 
rotation, or infra-red measurements. Results of other measurements have been 
indecisive. However, the close correspondence of melting temperatures (7’,,)* ° 
for native and reverted collagen together with other very recent results’ suggests 
that the crystalline structure of collagen regenerated by cooling carefully prepared 
gelatin must be equivalent to the crystalline arrangement of native collagen. 

Hall’ has developed an electron microscope technique for viewing individual 
macromolecules. We have applied this technique to the critical examination of 
particles present in collagen solutions which have been heated to effect transforma- 
tion, and to material regenerated upon cooling such solutions. In particular, the 
structure of the latter is compared to native collagen. The results have been sup- 
plemented by those of other methods. 

Tropocollagen Solutions.—Soluble collagen, or tropocollagen (TC), was prepared 


from embryonic calf skin. It was characterized by optical rotation, intrinsic vis- 
cosity, sedimentation constant, and flow birefringence with results as follows: 
laliy = —380°; [n] = 15 dl/g; Soo, w = 3.0; particle length L = 3000 A. Tropo- 
collagen was stored as concentrated (0.4% (w/v) to 0.9%) solutions in 0.05% 
(w/v) acetic acid at 5°C. Protein concentrations were determined by a micro- 


Kjeldahl method. 

In Hall’s technique® droplets of solutions are sprayed from a nebulizer onto 
freshly cleaved mica surfaces. Platinum is then evaporated at 10-4 mm Hg at 5 
to lL or 10 to 1 angles giving long shadows. Such shadows on the atomically smooth 
surface of mica serve to distinguish the narrow particles from metal granulation 
and extraneous matter. 

Micrographs of calf-skin TC as shown in Figure 1| are indistinguishable from pub- 
lished micrographs of ichthyocol.6 They show relatively rigid rods about 3000 A 
long. Whether the beaded appearance is real or an artifact of the metallic deposit 
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Fig. 1.—Electron mi Magnification 100,000. Un- 
treated and sprayed at room temperature. 


or of drying is not known.’ Lengths ranging up to about 3000 A are observed." 
Several shorter rods can be seen in Figure 1. The diameters of calf-skin TC are 
about 15 A, in good agreement with the published diameters of ichthyocol rods. 
The thermal transformation usually was carried out by heating 0.2 to 0.4% TC 
solutions in 0.05% acetic acid in small test tubes in a water bath. ‘Temperature 
and time of heating were varied from 50°C for 8 min to 90°C for 30 min. (After 
heating, optical rotation measurements showed [a]f’ = ca. —120° and intrinsic 
viscosity about 0.3dl/g. The ultracentrifuge pattern was also drastically changed.) "” 
Usually the heated solutions were sprayed in an oven at elevated temperatures and 
immediately transferred to the vacuum evaporator.'* An electron micrograph of 
a TC solution heated at 70°C for 10 min is shown in Figure 2. Only globules are 
seen. The globules are presumed to represent collapsed random coils of gelatin. 


The larger globules may be collapsed coils of all three polypeptide chains whereas 


the more predominant smaller globules may represent portions of collapsed chains. 
The identification of the smaller globules with gelatin is uncertain because of the 
ubiquitous presence of granules in all shadowed electron micrographs. No rods of 
even as much as one-tenth the length of untreated particles were found either in 
those areas photographed or upon scanning relatively large areas at high magni- 
fication (50,000 X) on the fluorescent screen of the microscope. 

To study the reversibility of the transition, heated TC solutions were rapidly 
cooled to 0°C and then stored at 5°C. The solutions were sprayed at room tem- 
perature or in the cold. Figure 3 is a micrograph of particles obtained from such a 
solution sprayed at the same concentration (ca. 0.005%) as the solution used to ob- 
tain Figure 1. The presence of rods is unmistakable. Many regenerated rods are 
2800-3000 A long but most are shorter. Diameters are about 15 A, the same as 





BIOCHEMISTRY: R. V. RICE Proc. N. A. S 


Fic. 2.—Electron micrograph of heated calf-skin tropocollagen. Magnification 100,000 X 


Heated at 70°C for 10 min. and sprayed in an oven. 
untreated TC. Regenerated rods are beaded just as native rods are, but some 
regenerated rods have a more irregular contour which may indicate imperfections 
of coiling. Significant numbers of rod-shaped particles were seen after only two 
hours cooling. Specific rotations of the cooled TC solutions'® agreed with literature 
values. 

Formation of SLS.—Schmitt et al.* have described the segment long spacing (SLS) 


type of fibrous aggregates which are formed by adding adenosine triphosphoric acid 
(ATP) to acidic tropocollagen solutions. They suggested that the tropocollagen 
macromolecules occur in parallel array, side chains being in register with neighbors, 
to give the banded pattern seen in the electron microscope. The segments do not 
show symmetrical striations. They interpreted this as evidence that the distribu- 


tion of polar amino acids is not symmetrical about the molecular center. Addi- 
tional experimental evidence’ has been obtained recently to indicate that the SLS 
micrographs are indeed “‘molecular fingerprints” of a rather precise arrangement of 
polar side chains. Heretofore normal SLS has been precipitated only from native 
collagen solutions.” It appears then that the integrity of the triple helix and the 
side chain distribution is a prerequisite to SLS formation. Consequently, it was of 
interest to learn if the SLS form could be precipitated from collagen solutions which 
had been heated to effect transformation and subsequently cooled. 

Figure 4 is an electron micrograph of SLS from a TC solution that had been 
heated to 50°C for 10 min, quickly chilled, diluted with an equal volume of 1% 
ATP and stored at 5°C for 44 hr. Other SLS precipitates were formed from cooled 
TC solutions previously heated at 55°C for 15 min, 70°C for 25 min, and 90°C for 
25 min after such solutions were cooled. The amount of SLS obtained was less 
than would have been formed from solutions of native collagen. After several 
months in the cold, the yield of SLS increases to as much as 10-15%. Much of 





Vor. 46, 1960 BIOCHEMISTRY: R. V. RICE 


Fic. 3.—Electron micrograph of heated and cooled calf-skin tropocollagen. Magnifi- 
cation 100,000. Heated at 60°C for 15 min, rapidly cooled to 0°C, and stored 
for 3200 hr at 5°C. Sprayed at room temperature. 


the precipitate consisted of less ordered arrangements of TC particles than is char- 
acteristic of SLS particles. Nevertheless, many examples of apparently normal 
SLS were found. Yields of SLS were essentially independent of heating tempera- 
tures provided the latter were higher than the melting temperature. 
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Fic. 4.—Electron micrograph of SLS. Magnification 87,000. Prepared from calf- 
skin tropocollagen heated at 50°C for 10 min, chilled, and stored at 5°C for 44 hr. 
Stained with phosphotungstic acid. 


The possibility that the observed 3000 A rods and the SLS from reverted gelatin 
represented residual undamaged TC particles was considered early in this investi- 
gation. This possibility was eliminated in the course of additional experiments. 
Separate heatings, at progressively higher temperatures and for longer periods, gave 
essentially the same results after the solutions were cooled. When heated TC 
solutions of higher concentration were sprayed while hot, no rods were seen in the 
electron microscope. Finally, optical rotation, intrinsic viscosity, and sedimenta- 
tion measurements” of the heated TC solutions were in good agreement with 
published values. 

Collagen Fibrils.—Ewald?! first described the cyclic process of thermal shrinkage 
and re-elongation of tanned collagen fibers. More recently a thermodynamic study 
by dilatometry has shown crystalline regions of the re-elongated fiber to be identical 
with initial crystalline arrays.* Results of low angle X-ray diffraction investiga- 
tions are contradictory since one group! reported partial return of the characteristic 
640 A spacing upon re-elongation and another”? failed to observe restoration of this 
periodicity. All experiments indicate that crystallinity disappears above the 
melting temperature (7',,). The characteristic 7, for tanned collagen is higher 
than for native fibers but the 7',, can be lowered by use of diluents that are “good” 
solvents. With formaldehyde-tanned rat tail tendon (RTT) in trifluoroacetic 
acid the 7’, is lowered from above 90°C to below room temperature. 

Further electron microscopical studies were performed on formaldehyde-tanned 
RTT. The tendon was homogenized to obtain a suspension of fibrils.!. The phase 
transformation was accomplished either by heating or by replacing water with tri- 
fluoroacetic acid. No striations of resolvable periodicity could be found in the 
shrunken fibrils. ‘These fibrils were thicker than striated fibrils of normal prepara- 
tions and they contained more debris. However, characteristic striations returned 
upon re-elongation; these are revealed in the uranium shadowed fibrils of Figure 
>. The return of fine structure between the major periodicities was also observed 
when re-elongated fibrils were stained with phosphotungstic acid. The periodicity 
of the major striations averaged 580 A in several dozen fibrils (versus 700 A in un- 
treated fibrils). In addition to an apparent lower average periodicity, greater 
variance in periodicity from one fibril to another was observed. Upon cooling, 
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striations returned to every 
fibril observed, indicating vir- 
tual equivalence to the original 
state. The cycle may be re- 
peated many times. 

Discusston.—Previous — ex- 
tensive studies on chilled gela- 
tin solutions have determined 
that some type of aggregation 
takes place upon cooling. 
Although good agreement has 
been obtained on the nature 
of the aggregating particles, 
the end product of the aggre- 
gation and the mode of particle 
interaction have, until re- 
cently, remained elusive. 

The polypeptides in hot 


gelatin appear to be in the Fig. 5.—Electron micrograph of re-elongated tanned 
RTT fibrils. Magnification 31,700. Uranium § shad- 
owed. Prepared from RTT previously contracted with 
the T,,.4:58-© The phase trifluoroacetic acid, and re-elongated with water at room 
temperature. 


form of random coils above 


transition has been termed 
“melting,” to emphasize the 
sharp conversion from helices to random coils. Curves of [a]p versus time and 
In| versus time can be superimposed* indicating that simultaneously with the 
destruction of crystalline order upon melting, the helices collapse to random coils. 
Low angle X-ray diffraction! and precise dilatometric® studies on tanned fibers also 


showed that heating destroys the ordered arrangement of chains. These observa- 


tions paralleled results of extensive studies on fibrous polymers. The reversibility 
of thermal phase transitions in fibrous polymers is well established ; the reversibility 
with some fibrous proteins and nucleic acids is less clear. 

Many methods used in the past to study the end product of aggregation of colla- 
gen failed to provide morphological information. However, recent studies lend 
increasing support to the view that reverted collagen is equivalent in structure to 
the native material.*~"° The electron micrographs of the present study now show 
directly that some, at least, of the rod-like structures formed during reversion are 
morphologically indistinguishable from native particles. 

Moreover, ordered aggregation of these has been shown to occur with formation 
of SLS. In these patterns tropocollagen particles are in register as evidenced by 
the familiar striations. The conversion of tropocollagen helices to random coils 
and then back to the original crystalline arrangement of polypeptide chains is 
evident. The striking fact that rods are present in abundance in cooled solutions, 
although completely absent in hot solutions (at even higher concentrations) indi- 
cates that regeneration necessarily includes formation of asymmetric particles. 

The present study identifies cooled gelatin particles with native tropocollagen 
rods, but it does not give direct information about the mechanism of regeneration. 
A transient, intermediate, single helix similar to a poly-L-proline type II has been 
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postulated®: '° as the first step. If this is correct, then the presence, shortly after 
cooling, of rods (presumably triple helices) suggests that the single helices ‘‘zipper 
up” with ease for some combinations of polypeptides. Many random coils and 
single helices do not quickly revert to asymmetric rods under the conditions used. 
Excessive degradation caused by hydrolysis of peptide bonds during heating 
should be expected to prevent complete reversion.’ However, the yield of SLS 
after very long cooling remains at 10-15% roughly independent of the wide range 
of heating times and temperatures. Since peptide hydrolysis should vary drasti- 
cally over the range of conditions employed, it would appear that factors other than 
degradation limit the proportion of material which reappears as SLS. Length 
distribution measurements on reverted TC rods after varying heating and cooling 
periods are being carried out. Such studies may bear on the mechanism of re- 
generation. 

The demonstration of what appear to be normal TC particles in cooled gelatin 
readily explains many results of other studies. For example, higher optical rota- 
tion and intrinsic viscosity and evidence of original crystallinity by X-ray diffrac- 
tion are to be expected according to the electron microscopic observation. Most 
of the solutions used were too dilute to gel at 5°C. A few observations were made 
on particles present in gelatin gels (0.8% protein). Large numbers of rods were 
seen in the electron microscope. The ridigity measurements’? on gelatin gels 
may reflect the presence of long rods. 

The return of striations to re-elongated tanned RTT fibrils corroborates the study 
on collagen solutions. The periodicity (580 A) observed is in good agreement with 
Bear’s! original low angle measurements on re-elongated fibers. However, we have 
noted greater variance in periodicity among such fibrils than native RTT exhibits. 
The variance may explain the failure of Wright and Wiederhorn®? to observe the 
return of the low angle X-ray patterns for a completely random periodicity from 
fibril to fibril would cancel out the diffraction pattern.?* The electron microscopi- 
cal observations suggest that RTT fibrils, crosslinked with formaldehyde, are con- 
verted from a state of alternating regions of order and disorder to one of complete 
disorder upon heating above the 7',,.. More debris was observed in these prepara- 
tions, indicating that crosslinking did not succeed in uniting all polypeptide chains. 
The similarities between this fibrous system and those of synthetic fibrous polymers 
are obvious.® 

We have recently extended this study to include collagen from sources other than 
young calf skin and also to nucleic acids. Thus, asymmetric rods appear upon 
cooling solutions of RTT, carp swim bladder (ichthyocol), guinea pig corium, earth- 
worm cuticle collagen, and even commercial gelatin (Knox) in which the collagen 


was previously transformed by heating. Solutions of yeast ribonucleic acid 
(RNA) and RNA isolated from tobacco mosaic virus (TMV) when heated and 
cooled give narrow, long fibers.*4 

During the preparation of the manuscript for this paper evidence of reversible 


transformation of both collagen and deoxyribonucleic acid was published by two 
laboratories. Veis and Cohen® found fibrils with striations of about 610 A_peri- 
odicity in the heat precipitates from concentrated gelatin gels. The gels were 
prepared from carefully fractionated bovine gelatin and stored at 4°C. Marmur 
and Lane* and Doty et al.” reported the renaturation of separated strands of bac- 
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terial deoxyr bonucleic acid. Along with other evidence, they showed electron 
micrographs of long fibrils (taken by Prof. C. Hall) of “renatured” DNA. 
From our studies and these recent results of others, it would appear that the 


reversibility of helix — random coil transitions is a general phenomenon of anian- 


isometric macromolecular helices. The reversibility can be demonstrated for helices 
consisting of a single macromolecular chain (RNA), of two chains (DNA), or of 
three chains (TC). 


This investigation was initiated and stimulated through discussions with Dr. 
Paul J. Flory. Appreciation is extended to Mr. M. D. Maser for assistance through- 
out this study, to Mrs. A. Brady and Mr. R. E. Kerwin for certain technical assist- 
ance, and to Dr. A. Buzzell, Department of Biophysics, University of Pittsburgh, 
for preparations of RNA isolated from TMV. 
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The mechanisms of chemical as well as enzymatic synthesis of carbamyl phos- 
phate (CAP) pose a number of problems which invite closer exploration. This 
paper is more in the manner of an exposition of these problems and a statement of 
their scope and implication than an attempt to solve them definitely. The first 
part will deal with the chemical synthesis of CAP from cyanate and phosphate, 
and its decomposition which recently we recognized to be largely due to elimination 
of phosphate rather than to hydrolysis. The second part will deal with biochemical 
synthesis which, in the relatively simple bacterial system discussed here, goes by 
way of a carbamate phosphokinase transferring the terminal phosphate of ATP 
to carbamate. 

The animal tissue process of CAP synthesis is a more complex reaction involving 
additional energy input and cofactors, and although we will not deal here with this 
process experimentally, we will discuss some of its facets in comparison with the 


simpler process in bacteria. The chemical synthesis of CAP has been discussed 


in the context of a pre-biological synthesis of an energy-rich phosphate carrier, 
and some consideration will be given to this proposition. 
Methods and Preparations.—CAP was synthesized and isolated as the lithium 
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salt as previously described.! Ammonium carbamate was prepared by mixing 
liquid ammonia and dry ice; the compound generally contained approximately 
10 per cent of ammonium carbonate.2, CAP was determined by the differential 
phosphate determination described by Spector et al.! As will be shown, strong 
alkali decomposes CAP to phosphate and cyanate, while enzymatic reactions 
generally yield carbamate, i.e., ammonia.* Ammonia was determined by distil- 
lation in Conway vessels under the conditions described by Johnston et al.‘ 

Free carbamic acid decomposes instantly to NH; and COs. Ammonium car- 
bamate when dissolved in water, however, decomposes at a slower rate, depending 
on the temperature and the pH of the solution, until an equilibrium is reached 
between ammonium carbonate and ammonium carbamate.’ Carbamate was 
determined by the method of Faurholt® which makes use of the solubility of barium 
carbamate in contrast to BaCO;. The difference between BaCOs;, precipitated 
immediately at 0°, and the total BaCOs;, obtained after heating at 100° for 90 min 
in an ammonium, barium hydroxide solution, is used as the measure for carbamate. 

Cyanate was measured semiquantitatively by a blue color produced in alcoholic 
solutions of cobaltous ions described as a qualitative test by Schneider. Phos- 
phate was found to interfere with the color development. It was removed as 
lithium phosphate by addition of LiCl,; the samples were adjusted to pH 8 and 
sufficient ethanol added to give a final concentration of 70 per cent. After chilling, 
the Li;PO, was centrifuged off and an equal volume of 95 per cent ethanol was 


added to an aliquot of the supernatant solution, followed by the addition of suffi- 
cient volume of 2 M CoCl: to give a 0.04 M final concentration. 
Preparation of carbamate phosphokinase: The enzyme preparation used was a 


fraction derived from extracts of Streptococcus faecalis R. The culture of this 
organism was obtained from Dr. D. J. O’Kane. Subcultures were maintained 
as stock agar stabs.’ 

Cells were grown on a medium consisting of: 0.9% glucose, 1% KsHPO,, 1% 
yeast extract, 0.59% tryptone, 0.05% MgSO,7H.O, 0.01% MnS0O,4H.0, and 
0.9% arginine monohydrochloride. The cells were transferred from a solid agar 
stab to 10 ml of the medium and grown for 24 hr at 37°. A drop of this culture 
was used to inoculate 25 ml of medium and growth was allowed to proeeed for 8 hr. 
The entire 25 ml was used to inoculate 2 liters of medium in a 4-liter Erlenmeyer 
flask which was incubated overnight at 37°. The cells from several 2-liter batches 
were collected by centrifuging in a refrigerated Sharples centrifuge. The cells 
were then washed by suspending in a volume of cold water equal to the volume of 
the culture medium, and were collected as above. This crude paste can be stored 
indefinitely at —20° before extraction. 

Crude extracts were obtained by mixing 10 gm of cell paste with 50 ml of 0.9% 
KCl and subjecting this suspension for 40 min to sonic oscillation in a Raytheon 
10 kilocycle magnetostrictor oscillator at 1°. The cell debris was removed by 
centrifuging at 15,000 X g in a refrigerated centrifuge for 15 min. The extract is 
stable indefinitely if held at —20°, and contains approximately 1,500 units (uM 
ATP synthesized from CAP + ADP per ml enzyme in 10 min at 30°), assayed as 
described previously,’ and 18 mg protein per ml; the specific activity is therefore 
85 units per mg protein. 

This crude extract was fractionated by addition of solid versene-recrystal- 
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lized ammonium sulfate.!° The fraction between 65-85% saturation was col- 
lected, the precipitate dissolved in 0.9% KCl, and dialyzed thoroughly against 
the same solvent before use. This gave a preparation with a specific activity of 
130. It was stable for several months at —20°, dialysis having caused no loss in 
activity or stability. 


THE CHEMICAL SYNTHESIS AND DECOMPOSITION OF CAP 


CAP is unstable in solution. At moderate temperatures it decomposes more or 
less rapidly, depending on pH. At alkaline reaction there is an almost instantane- 
ous liberation of inorganic phosphate, while at neutral or acid reaction decom- 
position is slower. At elevated temperature, however, at acid as well as inter- 
mediate pH’s, decomposition also becomes quite rapid, and at 100° it is completed 
in a few minutes. 

In a previous paper,’ the decomposition-pH profile was charted. At that time, 
however, we were not too familiar with the behavior of the breakdown products. 
Looking at CAP primarily as if it were merely another acid anhydride of the car- 
boxyl phosphate type, we were misled to believe that decomposition was synony- 
mous with hydrolysis of the phosphoanhydride bond, commonly rather rapid 
with this type of compound. The interpretation of our data, therefore, was made 
on the assumption that liberation of inorganic phosphate could be equated with 
hydrolysis to carbamate and phosphate. At this juncture, a number of observa- 
tions helped us to realize that CAP was not so much hydrolyzed but, rather, was 
largely reversed to cyanate and phosphate. On heating CAP solutions with am- 
monium salts or amino acids, urea and ureido acids were found to form. This 
looked, at first, as if CAP could also act nonenzymatically as a carbamyl donor. 
CAP determinations, however, showed that urea and ureido acid formation con- 
tinued after CAP had disappeared from solution. It was found then that if equi- 
valent concentrations of cyanate were used instead of CAP the results obtained 
were quite analogous. Similar results have recently been reported by Reuter."! 
This was one of the observations that forced us to conclude that CAP yields cyanate 


which then becomes a carbamyl donor in this system. 


Furthermore, our earlier observation that the amount of ammonia liberated 
at the neutral region was surprisingly low made us begin to doubt that carbamate 
could be the product of the reaction, because we learned that 80-90 per cent of 
carbamate at this pH dissociates to NH; + CO». On the other hand, from our 
experiments on the synthesis of CAP from cyanate and phosphate, this appeared 
to be due, most likely, to an equilibrium reaction. At that time we were fortunate 
to find a rather specific color test for cyanate which had been developed in 1895 
by Schneider for the determination of small amounts of cyanate present in cyanide. 
By applying this test to CAP solutions that had been decomposing at alkaline or 
neutral reaction, it was easy to show that the blue color of the Co*++ -cyanate 
complex of Schneider appeared increasingly on standing. Although we found it 
difficult to standardize the conditions for this test for the quantitation of cyanate, 
it was invaluable as a qualitative and semiquantitative assay. It was argued, 
furthermore, that if cyanate was the main product, electrotitration of the decom- 
position mixture should show the appearance of a fairly strong acid. Cyanic acid, 
according to Amell,'? has a pK short of 4. Therefore, an electrotitrometric com- 
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parison of a CAP solution before and after decomposition would give a good estimate 


of the amount of cyanate formed. 


The electrotitration curves for inorganic phosphate, CAP, and cyanate are 


shown in Figure 1. 


10 
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Fic. 1.—Titration curves for potassium 
phosphate, lithium CAP, and _ potassium 
cyanate. The upper curve represents the 
titration of 4.9 ml of 0.162 M KsHPO,, the 
middle curve of 15 ml of 0.053 M dilithium 
CAP, which contained 7.7% orthophosphate 
when the titration was started and 13.6% 
orthophosphate at the end, and the lower 
curve 5.3 ml of 0.15 M KNCO, all made up to 
15 ml with distilled water before titration. 
The temperature was 22.5°, and the standard 
acid used was 1.030 N HCl. Additions were 
made with a calibrated syringe burette and 
mechanical stirring with vessels placed in a 
large volume of water. 


of 3.8 at 23°, which checks well with 


The curve for cyanate indicates a dissociation constant 


10 
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Fig. 2.—Comparison of electrotitration 
curves of alkali-decomposed CAP and a mix- 
ture of cyanate and phosphate. Alkali de- 
composition was produced by the addition of 
0.1 ml of 10 N KOH to 15 ml of 0.053 M CAP 
solution; the vessel was allowed to stand at 
room temperature (23°) for 15 min, at which 
time all of the phosphate was present as 
orthophosphate. Open circles represent the 
curve for the decomposed CAP, the solid 
circles represent the curve for a solution con- 
taining a mixture of 0.053 M phosphate and 
0.053 M cyanate. Small aliquots of this 
vessel were tested at various time intervals 
during the titration, and the CAP content 
was always less than 10% (ef. Fig. 5). 


the reported value.'?:'* The second 


CAP dissociation constant of 5.3 at 20° is rather similar to the second dissociation 


constant of 4.7 for acetyl phosphate,'* both being nearly 2 pK units lower than for 


inorganic phosphate. 


A comparison of the titration curve of alkali-decomposed CAP with a mixture 


of inorganic phosphate and cyanate is presented in Figure 2. The curves overlap 
rather convincingly. Solutions of partially decomposed CAP at intermediate 


pH’s under conditions analogous to those described in Figure 1 of the paper by 
In these more complex data 
the liberation of cyanate could be recognized, and approximate estimates confirm 
that between pH 6 and 9 cyanate and phosphate are the main products of CAP 
A re-evaluation of the pH-decomposition profile* is presented in 


Jones et al.’ were also examined by electrotitration. 


decomposition. 
Figure 3. 
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Fic. 3.—The pH-dependence of CAP 
decomposition. All vessels were incu- 
bated at 37° for 45 min. For vessels 
at pH 5-9 each ml of solution con- 
tained: 11 ymoles of dilithium CAP, 
and 100 umoles each of acetate, imida- 
zole, Tris, and glycine adjusted to the 
indicated pH. For pH 1.5 and 13, the 
solutions were 0.05 M HCl and KOH 
respectively, containing the same 
amount of CAP per ml. The curve of 
the open circles represents CAP pres- 
ent, while the solid circle represents 
ammonia, or ammonium bicarbonate, 
present. The broken line is the dif- 
ference between these two curves and 
represents the cyanate present. 


of total phosphate 


CAP, as per cent 


150 0 

Minutes 
Fic. 4.—Course of CAP synthesis at various pH’s. 
Kach beaker contained at zero time, 3 ml of 1.5 M 
KH2PO, and 3 ml of 1.5 M KCNO, as well as dis- 
tilled water and appropriate amounts of HCl or 
KOH to obtain the desired pH made up to 15 ml 
and a final concentration of 0.3 M. The vessel was 
placed in a bath of water at room temperature, and 
supplied with a mechanical stirrer, the electrodes of 
the pH-stat, and the microtip of the syringe burette 
containing 2.98 N HCl added automatically to keep 
the indicated pH. At the intervals noted, samples 
were analyzed for orthophosphate and orthophos- 

> 


phate + CAP. 


‘rom these observations we conclude as follows: at strongly alkaline reaction, 
CAP decomposes, or one might say reverses, to cyanate by phosphate elimination 
with practically no hydrolysis; at intermediate pH’s, down to 6, elimination pre- 
vails over hydrolysis. At strongly acid reaction, the final result is hydrolysis to 
phosphate, CO», and ammonia; however, if free cyanic acid were formed primarily 
by elimination it would hydrolyze rather rapidly to ammonium carbonate. But 
an indication that, at the acid situation, hydrolysis is largely direct was obtained 
by decomposition in H.O'. In unpublished experiments, Allison and Jones” 
found at pH 1.0 that about 70 per cent of the O' expected for exclusive hydroly- 
sis was found in phosphate. At intermediate pH’s, less O'8 transfers from H.O" 
to phosphate; at strongly alkaline reaction very little, if any, such O transfer is 


observed. It appears, then, that decomposition by hydrolysis and elimination 


occur side by side, elimination becoming exclusive with increasing alkalinity and 
hydrolysis becoming the most important path at strongly acid reaction. 
Equilibrium and mechanism: The expectation of a synthesis of CAP by con- 
densation of cyanate, or isocyanic acid, and phosphate had prompted Spector! 
to try .uch a procedure analogous to the known synthesis of acetylphosphate from 
keten. and phosphoric acid,'® formulating here without regard to state of 


ionization: 
H.C:C:0O os HOPO;H. > H.C: CC YOPO;He 
HN:C:0 + HOPO3H, ~ H2N-COOP3H=» 


Accordingly, the rate of reaction should correlate with the availability of the react- 
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ant, isocyanic acid. When the dependence of initial rate on pH was tested, as 
shown in Figure 4 (a and b), initial rate was found to be highest at pH 4 but nearly 
as fast at pH 5, while at Sar tas pH’s the rate decreased strongly. It may be seen 
in Figure 5a that at pH 4, CAP initially forms rapidly but starts to disappear from 
30 min aioe With a pK of 3.8 at pH 4, the ratio of free acid to cyanate is 
approximately 1:1, the former hydrolyzing very rapidly. This rapid disappearance 
of the reactant died ates the rate evaluation in strongly acid medium where the 
initial rate is probably higher than it appears to be in the crude assay. Optimal 
synthesis obtains between pH 5 and 6, a region which had been chosen empirically 
for the preparative method. At this pH, the equilibrium is reached fairly rapidly ; 
the decomposition of cyanate by way of hydrolysis of free acid is relatively slow, 
although not negligible. 

Figure 5b reveals an interesting feature, that at alkaline or neutral reaction a 
brief induction period precedes the synthesis. This may indicate that, at this pH 
range where cyanate is present almost exclusively as the anion, CNO~, it takes 
some time to accumulate enough reactive compound for the condensation to get 
going. Since isocyanic acid seems to be the reactant, the induction period should 
represent the time allowed for build-up of isocyanic acid by way of H+ + CNO- => 
CNOH — HNCO. 

Infrared spectra of the vapor and liquid” under these conditions indicate the 
equilibrium cyanic = isocyanic acid to be 99.8 per cent in favor of the latter. It is 
suggested that in solution’ an equilibrium exists between the two forms. However 
that may be, in an over-all manner, the preliminary data indicate the condensation 
isocyanic acid + phosphate to be the likely mechanism of CAP synthesis. 

To determine the equilibrium between the three components, cyanate, phosphate, 
and CAP, experiments were carried out at pH 6 using a pH-stat to keep the pH 
constant. In the routine preparation, the mixture of cyanate and dihydrogen 
phosphate had shown a rather rapid change at 30° from an initial pH of about 5.3 
to 6 during the first 5 min, and from then on had changed slowly to a higher pH. 
The main reason for this rise is the hydrolysis of cyanate to ammonium carbonate 
(ef. also legend to Table 1). To maintain homogenous conditions, a constant supply 


TABLE 1 
DETERMINATION OF EQUILIBRIUM BETWEEN CYANATE, PHOSPHATE, AND CAP 


Initial, Final [CAP] 
Cyanate Phosphate Cyanate Phosphate CAP K > 
Mu u M u Mu [cyanate] [phosphate] 
0.28 0.18 0.19 0.08 
0.29 0.16 0.19 0.10 
0.56 0.12 0.41 0.15 
0.28 0.34 0.13 0.15 
Av. 


‘yanate and phosphate were analytical reagents. 3 or 6 ml aliquots of 1.5 M KNCO or KH2PO¢- 
Ke eon pH 6.0, were added to sufficient distilled water to give a total volume of 15 ml. All vessels 
were incubated at 30° in a beaker containing a mechanical stirrer, and equipped with a syringe 
burette filled with 2.98 N HCl and connected to the pH-stat. HCl was added automatically to 
the beaker to maintain the pH at 6. 

During incubation, the reaction, if not adjusted, shifts towards a higher pH because of a slow, 
steady hydrolysis of CNO~ to CO + NH4* whereby two base equivalents appear; the conversion 
of H2PO.~ to CNO~ — CAP?>~ occurs at pH 6, practically without change of pH because the disap- 
pearance of CNO~- is compensated for by the increase in the second dissociation constant in CAP. 

The final cyanate concentration was estimated by subtracting from the initial value the CAP 
formed and one-half of the HCl consumed. The latter correction amounted to approximately 20% 
of the initially added cyanate. Phosphate and CAP were determined as described. At interv als, 
0.1 ml aliquots were removed for orthophosphate and CAP analysis. Equilibrium was attained 
between 120 and 180 min. 
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of acid was needed and was applied automatically through the instrument. An 
exhaustive study of the equilibrium was not attempted. The effect of change of 
concentrations of the components was studied largely to find the best conditions 
for synthesizing radioactive CAP from either radioactive cyanate or radioactive 
phosphate. It appears from Table 1 that, as expected, the yield increased by 
increasing the concentration of either the cyanate or the phosphate. The data 
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Fig. 5.—Dependence of CAP synthesis on concentration of 
cyanate and phosphate. Each vessel contained in 10 ml appro- 
priate aliquots of 1.5 17 KH2PO, and 3 M KCNO to give the con- 
centration indicated on the abscissa. To obtain the synthesis for 
0.34 M concentration, 2.25 ml. of 1.5 M KH2PO, and 6.8 ml H,O 
were mixed and placed at 30°. At zero time, 1.12 ml of 3 M 
KCNO was added (total volume 10 ml) and thoroughly mixed. 
At 60 min, aliquots were taken and the orthophosphate and the 
sums of CAP and orthophosphate were determined. If dilution 
was required for analysis, an aliquot was added to a suitable 
volume of ice-cold water. 





indicate, as a rough approximation, a value of 3 for the equilibrium constant, 
corresponding to a change of free energy on synthesis, Al (cyanate + phosphate 
= CAP), of —680 cal. As expected for a bimolecular reaction, the yield is quite de- 
pendent on concentration, falling sharply toward lower concentrations. The re- 
lative yield at different concentration levels is shown in Figure 5. 


THE ENZYMATIC SYNTHESIS OF CAP FROM CARBAMATE AND ATP 


If, as in Figure 6, the microbial enzyme is incubated with a mixture of carbamate 
and ATP, the synthesis of CAP is very rapid; in the first 8 minutes three times as much 
CAP is formed from carbamate as is formed trom a freshly prepared equimolar solu- 
tion of ammonium carbonate. With carbamate as the initial substrate, CAP con- 
centration reaches a maximum at 10 minutes, after which it declines. When about 
two-fifths of the excess CAP have disappeared, it levels off, having reached the 
same level to which CAP concentration slowly climbs when freshly dissolved am- 
monium carbonate is used as the source of carbamate. At that time, the initially 





Vo. 46, 1960 BIOCHEMISTRY: JONES AND LIPMANN 1201 


added 0.134 M carbamate has adjusted to an equilibrium mixture of 0.011 M car- 
bamate and 0.123 M ammonium carbonate. It is a decline in carbamate concen- 
tration that causes the observed decomposition of CAP and eventually the system 
adjusts to the same CAP level whether carbamate or ammonium carbonate is added 
at the beginning. The rapid initial burst of CAP formation from carbamate and 
ATP, however, nicely illustrates that carbamate is the true substrate of phos- 
phorylation. 

A further clarification of the rather involved equilibria between ammonium bi- 
carbonate, COs, NH;, and carbamate was obtained by the use of carbonic anhy- 
drase: 


carbonic 
anhydrase 


reaction 1: NH,HCO,-——————. HO + CO, + NH; 
reaction 2: NH; + CO. ——————— He NCOOH 


kinase 


reaction 3: H.NCOO- + ATP-4! ————- Hs NCOOPO;,>? + ATP-3 


Roughton'® had already observed that, under certain conditions, carbonic anhy- 
drase will increase the slow rate of carbamate formation from an ammonium-bicar- 
bonate-carbonate mixture. This is so, because NH, + COs are the reactants that 
condense to carbamate. Therefore, when ammonium carbonate-bicarbonate is 
freshly dissolved without the enzyme, the CO, concentration builds up quite slowly 
and carbamate, and consequently CAP, form sluggishly: this can be seen on the 
lower curve of Figure 6. Carbonic anhydrase speeds up the dehydration of am- 


Fic. 6.—Comparison of CAP syn- 
thesis from carbamate and ammonium 3.0 
carbonate + ATP. Each vessel con- ; 
tained per ml: a mixed buffer com- 
posed of 100 uM Tris and Bis(2-amino- 
2-methyl-1,3-propanediol) pH 9.5, 8.8 
uM ATP, 7 uM MgCl, and 6 mg of 
carbamate phosphokinase (2600 units). 
The open circles represent the vessel to 
which solid ammonium carbamate (133 
umoles per ml of reaction medium) was 
added at zero time. The solid circles 
represent the vessel to which solutions 
of potassium carbonate (134 uwmoles per 
ml of reaction medium ) and ammonium 
chloride (268 umoles per ml of reaction 
medium were added). The incuba- 
tion wasat 10°. The total volume was 60 80 
1.5 ml, of which samples were taken at 
the interval noted for P; and CAP Minutes 
determinations. 


Moles CAP/ml. 


/ 








monium bicarbonate to CO. + NH; and thereby carbamate condensation which, in 
turn, furnishes more substrate to react with ATP in the carbamate phosphokinase 
reaction. This is illustrated in Figure 7 where CAP formation in the carbamate 
phosphokinase system with ammonium carbonate as substrate is compared with 
and without carbonic anhydrase: the figure again demonstrates the sluggishness of 
the equilibrium between CO., NH;, and carbamate using freshly dissolved am- 
monium carbonate without enzyme. If an aged solution of ammonium carbonate is 
used instead, the effect of carbonic anhydrase disappears. A further illustration of 
the effect of carbonic anhydrase is given in Figure 8 where the course of CAP for- 
mation is charted with and without carbonic anhydrase using carbamate as the sub- 
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strate instead of ammonium carbonate. In this case, the addition of carbonic 
anhydrase causes a decrease rather than an increase in the CAP that forms initially: 
the anhydrase effects a rapid disappearance of carbamate for the same reason that it 
speeds carbamate formation from ammonium bicarbonate. In the presence of 


3.0 


Fic. 7.—Effect of carbonic anhy- 
drase on CAP synthesis from am- 
monium carbonate + ATP. Condi- 
tions were the same as for Fig. 6. The 
vessel represented by solid circles con- 
tained ammonium carbonate alone, 
while the open circles represent the 
vessel that contained ammonium car- 
bonate and 0.1 mg of highly purified 
carbonic anhydrase (courtesy of Mr. 
Arlan Roberts, Rohrig and Co., 
Chicago, IIl.). 
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Fig. 8.—The effect of carbonie anhydrase 
on CAP synthesis from carbamate + ATP. 
Kach vessel contained in | ml: 66 umoles of 
Tris buffer pH 9.4, 13 wmoles of ATP, 13 
umoles of MgCl, and 6 mg of a purified 
carbamate phosphokinase containing 430 
units per mg protein. Tube 1 contained 
120 umoles of ammonium carbamate per ml. 
Tube 2 contained 0.14 mg of carbonic anhy- 
drase per ml in addition to 120 yumoles of 
ammonium carbamate. The total volume 
was 3 ml. and the tubes were incubated at 
10°. At interval noted, 0.5 ml was added to 

ml ice-cold TCA, and the protein was re- 
moved by centrifugation at 0°. The super- 

\ , natant fraction was analyzed for ort hophos- 
20 A0 60 phate and for orthophosphate + CAP using 
base hydrolysis to obtain total phosphate. 
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anhydrase, CAP formation becomes nearly identical whether one starts with carba- 
mate or ammonium carbonate. Comparison of the curves in Figures 6, 7, and 8 
confirms the assumption that carbamate is the true substrate of the reaction 
catalyzed in microbial CAP synthesis. 

Table 2 gives data on over-all equilibrium determination, and an equilibrium 


TABLE 2 
EQUILIBRIUM CoNSTANT FOR THE Reaction: ATP + NH.COO~ = ADP + NH;COOPO 
Substrate concentration 
‘AD yP) 
Experiment Time, ATP CA, ADP, CAP, = Car . 4 
f figure min uM/ml uM /ml uM/mli uM/ml [CA] [ATP] 
6 and 7 0 8.80 11. 0 0 ay 
80 7.07 11 1.73 4 0.037 
Ss 0 13.0 10. 0 
90 10.7 10. 2.3 2.% 0.048 
The final concentration of CAP and the initial ATP concentration were determined; the final ATP concen- 
tration was estimated by difference and the final ADP was assumed to be equal to that of CAP. With the purified 
preparation there is essentially no phosphatase activity toward the three substrates, and at 10° the chemical half 
life of CAP is greater than 12 hr. The carbamate concentration was estimated from a separate experiment in 
which ammonium carbamate and ammonium carbonate were allowed to come to equilibrium and the carbamate 
was estimated by the method of Faurholt. Under the conditions of these experiments at equilibrium, 8.5% of the 
initial ammonium carbonate was present as carbamate. 
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coustant of 4 X 10~* for carbamate + ATP = CAP + ATP is obtained. Roughly, 
it had already been observed’ that equilibrium favors a formation of ATP from ADP 
and CAP, and for this reason the enzyme is generally more easily assayed in the direc- 
tion of ATP synthesis. The equilibrium constant now obtained shows that the phos- 
phoryl potential of CAP at pH 9.5 is approximately —1.8 keals. higher than that 
of the terminal phosphate of ATP, and CAP formation is slightly uphill. To 
appreciate the over-all energy required for NH; + CO: + ATP = CAP, the ratio 
of carbamate to ammonium carbonate needs to be considered, which is approxi- 
mately 0.05. Therefore, the over-all reaction is still more uphill by about 0.8 
keal. On the other hand, CAP + ADP is a good feeder system for ATP. 

Comments.—Comparison of CAP synthesis in mammalian tissue and bacteria: 
In view of the interest in urea synthesis as an important phase in animal metabolism, 
citrulline synthesis, particularly in mammalian liver where urea synthesis occurs, 
has been more intensively studied in animal tissue than in the just discussed mi- 
crobial system. The work of Grisolia and Cohen” provided the earliest indication 
of energy derivation from ATP. Later, a dependence of this reaction on the 
presence of N-acylated glutamate, such as acetyl or carbamyl glutamate, was dis- 
covered in Cohen’s laboratory.”!. It has been pointed out in earlier communica- 
tions*: 22 that acetyl glutamate is not a component of our bacterial system. Puri- 
fied preparations of the enzyme synthesizing CAP from ATP and carbamate did not 
show any requirement for this cofactor. Nevertheless, it soon appeared that in 
animal tissue CAP is also the precursor of the carbamyl group in citrulline, and 
that carbamyl transfer from CAP to ornithine is acetyl glutamate-independent.* 
The additional catalyst, acetyl glutamate, only functions in the animal system of 
CAP synthesis. This is thus a more complex reaction which, according to recent 
work,”* involves the participation of two ATP’s, in contrast to the straight forma- 
tion of CAP from carbamate and one ATP in the microbial enzyme system, at 
least in that of S. faecalis. In EF. coli, Schwartz in Werner Maas’ laboratory,** 
observed that several mutants requiring both uridine and arginine, implying a 
deficiency of the common precursor CAP, still contain carbamate kinase although 
in reduced amounts. This made them wonder if there might be an additional en- 
zyme implicated in CAP synthesis in FE. coli. No effect, however, of acetyl glu- 
tamate has been found so far, neither has there been direct confirmation of such a 
possibility. 

The equilibrium data indicate that a formation of CAP from ammonium car- 
bonate + ATP is an uphill reaction. In the case of the animal, this reaction is 
responsible for a fast removal of ammonia which, even at rather low concentrations, 
is a powerful poison. Therefore, apparently an additional activation is needed to 


level of ammonia that is 


form CAP easily from the relatively low concentration 
permissible to keep the animal out of trouble. The activation, through a second 
phosphoryl expenditure, would effect the equivalent of a boost in concentration 
of one of the reactants. It now seems that it is the CO, that is activated by the 
acetyl glutamate-linked ATP. The over-all effect of such a CO» activation will be 
to attract the ammonia to enter into the link with CO. from low concentration 
level. But obviously the close coordination of the formation of carbamate and 
of its phosphorylation to CAP is not clear, nor is the implication of acetyl glu- 
tamate in this sequence clarified. From early work by Lardy and Peanasky* 
there are indications that citrulline formation in the animal has a relation to a 


biotin-catalyzed reaction. In this connection, after rather extensive purification, 
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Peck” tested the carbamate phosphokinase in S. faecalis for the presence of biotin. 
No accumulation of biotin was observed in the course of purification of this enzyme; 
although the final preparation was not completely free of biotin, the ratio of activity 
to biotin appeared so low that its presence in microbial enzymes seems to be ex- 
cluded (cf. also Ravel et al.?*). 

To summarize, there now appears to be general agreement that CAP is the in- 
termediary in the carbamylization of ornithine and aspartic acid in animal tissue 
as well as in the microbial system. The earlier much discussed “active carbamate,” 
once called compound X, is now considered to be identical with CAP.*8 The effect 
of acetyl glutamate, in which the animal system differs from the microbial system, 
is localized exclusively in the formation of CAP and not in the transfer of carbamyl 
from CAP. 

Biochemical evolution of urea synthesis: Reflecting on the enzymatic carbamyl 
transfer found presently in biological systems and in particular in urea synthesis, 
we often wondered during this work why, in urea synthesis, CAP did not react 
directly with ammonia to form urea rather than with ornithine to form 6-ureido- 
a-amino pentanoic acid (citrulline) followed by a laborious energy-consuming 
cycle.2* ® It may be that ammonia concentration, which has been discussed, is 
an issue here. The generally low concentrations of free ammonia may make it 


necessary to employ the cyclic pathway. There seems, however, to be another 
possibility. In biochemical evolution, the arginine synthesis pathway must have 
developed very early since every organism needs arginine as part of its protein 
complement. One might therefore consider that this pathway, once developed, 


presented a smooth procedure and had to attach only one further step, the arginase- 
catalyzed hydrolysis of arginine, to yield urea. In view of the availability of 
arginine synthesis as a universal reaction, it offered itself for adoption to urea 
synthesis, the possibility of a less complex chemical path notwithstanding. Still, 
urea appears in large quantities in some plants, and one wonders if it could serve 
as a source of metabolic energy since, in analogy to citrulline phosphorylysis, urea 
could yield CAP by phosphorylysis. 

Prebiological synthesis of CAP: The spontaneous condensation of cyanate and 
phosphate to CAP seems to be a uniquely easy synthesis of a carrier of energy-rich 
phosphate. In recent discussions on the origin of life*! the need of a spontaneous 
formation of an energy-carrying phosphoryl compound was considered. Given 
the existence of cyanate in the preorganismic period, there should have been phos- 
phate available to form CAP, although its concentration would be expected 
to be rather low. Its use as a source of energy in some microorganisms makes 
such a speculation more attractive. As mentioned, in S. faecalis, the phos- 
phorylysis of citrulline may be adaptively developed into a major pathway of 


energy derivation :??: #2~84 


Citrulline + phosphate ~ CAP + ornithine 
CAP + ADP > ATP + CO, + NHs3. 


This citrulline fermentation seems to support life and growth in such adapted 
organisms. They live on CAP as the sole source of energy. 

Attractive as such a scheme might look it remains to be considered that CAP, 
metabolically speaking, is only a phosphoryl feeder to the nucleotide polyphos- 
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phate system and may not really present a good primary energy source. The 


inorganic polyphosphates which are found in a great variety of organisms seem 


more attractive as primary donors. Although now they give the impression of 
being metabolically fairly inert, they may represent an early means of energy dis- 
tribution which was abandoned later on. Their availability from inorganic sources 
seems to be rather likely. 


* This work was aided in part by a grant from the National Cancer Institute, National Insti- 
tutes of Health, U.S. Public Health Service. Most of the work was carried out in the Biochemical 
Research Laboratory of the Massachusetts General Hospital. 

+ The abbreviations used in most cases are those accepted by the Journal of Biological Chemistry. 
Exceptions are: CA, carbamate; CAP, carbamyl phosphate; TCA, trichloroacetic acid. 
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The low frequency of spontaneously occurring tumors in the gametophytic 
(haploid) generation of the fern, Pteridium aquilinum (the Bracken fern)! can be 
greatly enhanced by the administration of ionizing radiations to the dormant 
spores.” The response in tumor frequency is linear with respect to the total dose of 
X-rays in the range up to 16,000 r.* Since the germination and subsequent de- 
velopment occur aseptically on a simple defined medium, this system lends itself 
to an analysis of factors involved in the initiation of such tumors. By first ir- 
radiating the spores and then sowing them quantitatively on the simple basal 
medium and on experimental media, it has been shown that the frequency of 
tumors can be appreciably reduced by the addition of amino acids to the basal 
medium.‘ These earlier experiments showed that the addition of a vitamin free 
casein hydrolysate or of a synthetic casein hydrolysate compiled from L-amino acids 
could reduce tumor frequency to approximately 50 per cent of the frequency on the 
basal medium. An initial breakdown of the total collection of amino 
acids, made arbitrarily according to structural type, showed that tumor- 
suppressing ability was widely distributed among the various amino acids rather 
than being a specific property of one or a few. The groups showed varying ac- 
tivity, with the least activity demonstrated by the basic and acidic amino acids. 
The present report contains a further analysis of the effectiveness of the components 
of casein hydrolysate, tested individually, and further tests of the activity of some 
of the more effective amino acids. 

Materials and Methods.—The basic technique, though essentially the same as 
previously reported,* * has been modified slightly. Dormant spores were ir- 
radiated at 1,000 r/min of unfiltered 136 kv X-rays for a total dose of 15,000 r. In 
the most recent experiments the irradiation conditions have been refined to the 
following: 20,000 r of 250 kv X-rays, HVL = 0.48 mm Cu, additional filtration = 
1.0 mm Al, and administered at the rate of 2,400 r/min. Except for the desired 
higher basal frequency of tumors due to the increased total dose, these changed 
conditions have not affected the behavior of the system in any obvious way. The 
irradiated spores are sterilized in a 5 per cent solution of Pittchlor for 5 min, col- 
lected on a Millipore filter, rinsed twice with sterile water, and then suspended in a 
5 per cent solution of Carbowax 20M. Inoculations are made dropwise onto agar 
slants in 25 mm culture tubes and then are spread with a wide loop. All lots of 
any one experiment thus have very nearly identical inocula. The number of spores 
in a drop of inoculum is determined with a hemocytometer. The culture tubes are 
closed with a 0.0015” polyethylene film and placed in an upright position into the 
culture room at 75° + 1°F, under an average illumination of 25 ft.-c., and a 
spectral quality of approximately 5600°K, with alternating light and dark periods 
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of 12hreach. The cultures are scored twice for tumors, after total culture periods 
of 6 and 8 weeks. 

Results and Discussion.—In the first series of experiments to be reported here, 
the individual amino acids were added to the basal medium in two concentrations, 
one in approximately the same concentration in which the acid occurs in casein 
hydrolysate and a second lot with twice that concentration. These results are 
shown in Table 1. In each experiment a control is run on a basal medium as a 


TABLE 1 
EFFECTS OF SINGLE AMINO AcID ADDITIONS ON TuMOR FREQUENCY 
Tumor frequency 
Amino acid mg/1 (% of basal) 
Glycine 20 71 
60 
L-alanine 36 80 
; 73 
L-valine : 60 
58 
L-leucine 87 
60 
L-isoleucine j 55 
53 
L-serine j 87 
79 


lm 
L-threonine 80 
4] 


L-phenylalanine 54 
56 

L-tyrosine 61 
82 

L-tryptophane 

L-cystine 

L-methionine 

L-lysine HCl 

L-arginine monoHCl 

L-histidine monoHCl-H.O 

L-aspartic acid 

L-glutamie acid 

L-proline 

t-hydroxyproline 


1) 


reference lot to determine the normal frequency of tumors. The tumor frequency 


is expressed on a per culture basis in all lots, with the control expressed as 100 per 


cent and experimental lots on a percentile basis as they compare with their con- 
trols. It 1s apparent that a number of amino acids may influence the frequency 
of tumors. The data in Table 1 are not, however, a true indication of the relative 
effectiveness of the various amino acids at their optimal concentrations since the 
concentrations used here were not necessarily either optimal or equivalent, the 
initial objective having been simply to explain the effect of the casein hydrolysate. 
Nevertheless, in the approximate concentrations in which they occur in casein. 
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several of the component amino acids could individually account for all or most of 
the total effect. 

However, when these data are compared with those of the grouped amino acids 
reported earlier,‘ it becomes apparent that in combination they do not necessarily 
act as they do alone. Numerous cases of antagonisms between amino acids are 
known,° with several reports of the antagonism of arginine by lysine. In this fern 
tumor system, when the basic amino acids were tested together, no significant 
effect was noted upon tumor frequency, whereas in the same concentration, lysine 
alone was markedly effective. Thus, also in this system in which the observed 
effect is a gross morphological one, the antagonism between lysine and arginine 
is demonstrable. In further testing of this phenomenon it was found that con- 
centrations of L-lysine HCI up to 4 mW would reduce tumor frequency in all 


cases to less than 50 per cent of the control, whereas similar concentrations of L-ar- 
ginine monohydrochloride had little significant effect, i.e., the tumor frequency 
was near 100 per cent. If to the effective concentrations of lysine were added 
equimolar concentrations of arginine, the lysine effect was eliminated, and the 


tumor frequencies were once again not significantly different from the 100 per cent 
level of the basal medium. On all of these media containing added lysine and/or 
arginine there were no significant differences in over-all viability of spores; that is, 
in replications of total viability on the basal medium within any lot of spores, we 
regularly have no more than 10 per cent variation. Identical inocula from the 
same lot of spores on the experimental media fell within these limits of variability. 
Preliminary experiments with other reported antagonists of arginine, namely 
L-ornithine monohydrochloride and canavanine sulfate, have also produced re- 
ductions in tumor frequency. These results suggest that arginine metabolism 
may play an important role in this tumor system. 

Another of the casein amino acids which has a marked tumor-suppressing effect 
at optimal concentration is methionine. The highest concentration shown on 
Table 1 is approximately 0.4 m./. When t-methionine is added to the basal 
medium in the concentration of 1.0 mM, the tumor frequency is depressed to 16 
per cent or less (slight variation between separate experiments) with no significant 
depression of total viability as compared with the controls. This is the most 
effective amino acid found thus far for this system. Initial experiments in at- 
tempting to determine the mechanism involved have considered its possible role 
as a methyl donor. A 1.0 mM concentration of choline chloride alone or with 
bL-homocysteine was not strikingly effective, the respective tumor frequencies 
being: 1 mM p1i-homocysteine = 59 per cent; 1 mM choline chloride = 
71 per cent; 1 mM homocysteine + 1 mM choline chloride = 60 per cent. 
A more effective agent among methyl! donors was betaine, a 1.0 mM concentration 
reducing tumor frequency to 42 per cent. On the basis of these experiments, it 
would seem that if the mechanism of action of methionine in this system involves 
transmethylation, either these methyl donors are not as effective, or, more likely, 
there is more than one specific mechanism involved and transmethylation is but 
one. Among the known antagonists of methionine, only ethionine has thus far been 
tested, and the antagonism was found to be complete, all concentrations down to 
the lowest tested (0.1 mJ/) are completely toxic, with no germination of spores. 
However, this antagonism is reversible. With the addition of 1.0 mM L-methionine 
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to 1.0 mM pti-ethionine, the viability is restored and the tumor frequency is es- 
sentially that expected of that concentration of methionine alone, 19 per cent. 
Some of the amino acids tested in this system appear to influence tumor inci- 
dence only slightly, if at all, some of the lesser deviations from the 100 per cent 
level conceivably being within the limits of cumulative experimental error as, for 
example, in the lower concentrations of glutamic and aspartic acids. In the case of 
glutamic acid, however, a doubled concentration shows, instead, an increase in 
tumor frequency. ‘This can be entirely consistent with earlier observations on the 
relative efficacies of inorganic nitrogen sources. Prothalli will grow on either 
nitrate or ammonium as a sole source, viability being only slightly lower on nitrate 
than on ammonium. However, tumor frequency is optimal on ammonium as a 
sole source of nitrogen.‘ The basal medium is an arbitrary one containing both 
‘alcium nitrate and ammonium sulfate; our basal tumor frequency is, therefore, 
not maximal, i.e., it is not the highest frequency possible on a medium selected for 
that purpose alone. It is possible to influence the tumor frequency by varying the 
concentration of ammonium since if, to a concentration of nitrate on which a low 
tumor frequency occurs there is added an optimal concentration of ammonium, 
the tumor frequency increases to the rate obtainable by the ammonium alone. 
Thus, it would seem that in the initiation of tumors the reduction of nitrate to 
ammonium is impaired, but given ammonium the tumors are able to assimilate and 
utilize nitrogen, and therefore to develop. Then, if glutamic acid be the portal 
of entry from inorganic to organic nitrogen by way of ammonia, and if no block 
exists between the two, it might be expected that both ammonium and glutamic 
acid would elicit the same response from this system. Hence the increased tumor 


frequency with added glutamic acid can be consistent with that observed with 


added ammonium. 

In conclusion, then, it might be stated that the originally observed tumor- 
suppression effect of the casein hydrolysate resides not in one but in several of the 
component amino acids. In view of the fact that we have demonstrated one case 
of antagonism between two components (undoubtedly there are others), and that 
some amino acids have little or no effect, while still others may increase the fre- 
quency, it is apparent that the net effect of the total was as arbitrary as the mixture 
itself. However, on the basis of the ability of certain of the amino acids to reduce 
greatly the frequency of observed tumors, it seems possible to approach in this 
model system some of the biochemical events underlying the tumorous aberration 
of a morphogenetic process. 

Summary.—The frequency of tumors induced in prothalli of Ptertidium aquilinum 
by X-irradiation of dormant spores prior to germination can be influenced by the 
incorporation of certain amino acids into the medium upon which they are grown. 
Many of the components of casein hydrolysate reduce the frequency to varying 
degrees, notably methionine and lysine. The effect of lysine can be nullified by 
the addition of equimolar concentrations of arginine. Other amino acids, e.g., 
glutamic acid, may instead enhance the tumor frequency. Some possible impli- 
‘ations of these observations are discussed. 


The author wishes to acknowledge the technical assistance of Miss Jane Nelson, 
and to thank Dr. James Stauffer for having made the spore collections. 
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GENETIC STUDIES ON MUTANT ENZYMES IN MAIZE: SYNTHESIS 
OF HYBRID ENZYMES BY HETEROZYGOTES 
By Drew ScHWARTZ 
BIOLOGY DIVISION, OAK RIDGE NATIONAL LABORATORY * 
Communicated by Alexander Hollaender, July 1, 1960 


The investigations on the genetic control of the abnormal hemoglobins in man 
have contributed greatly toward the elucidation of the problem of gene action.'* 
Such a system, whereby mutant genes can be studied via differences in the proteins 
that they specify and in which both “immediate”’ gene products can be recognized 
in the heterozygote, is invaluable to the study of the relation between gene and 
protein. Study of the abnormal human hemoglobins, however, has the disadvan- 
tage of involving poor material for genetic investigations: long generation time, 
small progeny numbers, and the improbability of directed matings. The result is 
that the genetics has not kept pace with the biochemistry. As an example, it is 
established that hemoglobins S and G involve alterations of adjacent amino acids 
in the 8 polypeptide; however, whether the genes Hb* and Hb® are allelic is still 
a much-debated question and in fact the pertinent available data consist of a single 
individual. Because of the low progeny number and the low frequency of these 
genes in the population, it is also difficult to distinguish between allelism and close 
linkage. This paper deals with a similar system involving the genetic control of 
an enzyme that has esterase activity. The material, maize, has the advantage of 
being excellent for cytogenetic analysis. 

Materials and Methods.—Smithies’ technique® of zone electrophoresis in starch 
gel was used in this study. Extracts from immature endosperm tissue were in- 
serted in the gel on saturated strips of Whatman No. | filter paper. After the 
electrophoretic separations, the gels were sliced horizontally and stained for es- 
terases by the histochemical method described by Markert and Hunter.® a- 
Naphthyl acetate was used as the substrate and fast blue RR salt as the dye 
coupler. The endosperm material was harvested 16 days after pollination and 
stored at —20°C. The esterases did not appear to lose any appreciable activity 
even after a year of storage under these conditions. In the early part of this 
study the endosperm tissue was macerated, centrifuged at 16,000 X g to remove the 
cell debris, and the supernatant used for the electrophoretic separations. However, 
we found it possible to work with single endosperms simply by squeezing the juice 
out of individual kernels with a pair of pliers onto the piece of filter paper to be 
inserted in the starch gel. Only a fraction of the extract from a single kernel was 
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required to saturate the filter-paper strip. The tissue from germinating seedlings 
was handled in a similar manner except that here the tissue was squashed directly 
on the filter-paper strip, since a whole drop could not. be squeezed out of the tissue. 

Results.—The zymograms developed from the endosperm tissue showed a number 
of enzyme bands with esterase activity. In this paper we will limit ourselves to 
the investigations of a basic protein with esterase activity that migrates to the 
negative pole at pH 8.6, although differences in migration rates have also been 
observed for some of the other esterases. Three forms of this enzyme have been 
found in the genetic stocks investigated. These forms differ with respect to their 
rate of migration. The enzyme types are referred to as fast (F'), normal (N), and 
slow (S) (Fig. la, b,c). The normal type has been so labeled because it is the type 


Fic. 1.—Zymograms of endosperm extracts showing the various 
esterase types: a, slow; b, normal, c, fast; d, mixture of normal 
and slow; e, mixture of normal and fast; f, mixture of fast and slow; 
g, N X F @ hybrid; h, N XS o& hybrid. 


most commonly found in these studies, and occupies a position intermediate be- 
tween the fast- and the slow-moving enzymes. Of the four highly-inbred lines 
tested, W-23, Oh-51, and KYS show only the N esterase, and M-14 has only F. 

The differential migration rate of these enzyme types persisted even after the 
extracts were partially cleaned up by dialysis, ammonium-sulfate precipitation, 
and precipitation of the nucleic acid with MnCl. The enzymes retained their dif- 
ferential migration rates in mixtures of extracts from the different endosperm 
classes (Figs. ld, e,f). Mixtures of extracts from F and S endosperm types showed 
both the F and the S enzyme bands, of N and S showed both the N and S bands, 
and of F and N showed both the F and the N bands. It is important to stress 
that the zymograms of the mixtures showed only the bands found in each extract 
used in the mixture. No new bands appeared even when the extracts were mixed 
a few hours before the electrophoretic separation. 
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Crossing studies indicate that the migration rates of these enzymes are under 
genetic control. Crosses of F X F, N X N, and S X S gave plants that showed 
only the fast-, normal-, and slow-migrating esterases respectively. When two 
plants having esterases that migrate at different rates are crossed, however, the 
heterozygotes show both parental enzyme types, but in addition they show the 
presence of a hybrid enzyme that migrates at a rate intermediate between the two 
parental enzymes. Thus, in a cross of N X F, the F, hybrid shows the N band, 
the F band, and a third band labeled fast-normal (FN) that occupies a position be- 
tween F and N (Fig. 1g). An I; hybrid between N and S shows the N band, the 
S band, and also a third band intermediate between these two that is labeled 
normal-slow (NS) (Fig. 1h). There is no question but that the hybrid bands 
found in the heterozygotes represent new enzyme types not present in either parent. 
lor example, in making an N X S hybrid, we used as the N parent the highly 
inbred line W-23. A large number of seeds from many different W-23 ears were 
tested, and all were of the N enzyme type. It is therefore safe to conclude that the 
W-23 plant used as the female parent in this cross was also N. The identical plant 
of the S enzyme type used as the male parent in the cross was also self-pollinated. 
All the tested kernels on the selfed ear showed only the S enzyme band. Thus the 
NS band found in the hybrid was not present in either of the parental plants used 
in this cross. At the time of this writing, F X S heterozygous endosperms were 
not available for analysis. This hybrid type was studied in the seedling, however, 
and will be discussed later. 

In the majority of the hybrids, the intensities of the three enzyme bands are 
not equal and are dependent on the direction in which the cross is made. This 
is true for both the N & F and the N X S hybrids. The maternal and the hybrid 
bands are intense and the paternal band is considerably lighter. As an example, 
in the F, hybrid of an N X S o& cross, the S band is light but the N and NS bands 
are heavy, indicating greater enzymatic activity. In the reciprocal cross, S KX N o, 
the N band is light and the S and NS bands intense. The same is true for the 
N X F reciprocal crosses. This situation does not always exist, however, and in 
some cases all the bands are of about equal intensity. Actually, even the heaviest 
bands in the hybrid are less intense than the single band found in the homozygote, 
suggesting that the total amount of this enzyme produced by a plant is fairly 
constant, and can occur as either a single type or be distributed among three dif- 
ferent classes. 

These results are consistent with, although not necessarily proof of, the hypothesis 
that these esterase enzymes exist as dimers. The dimers can be composed of two 
F, two N, two S monomers, or any combination of NV, F, or S. On this basis, the 
NSand FN hybrid enzymes described would be composed of an N and an S mono- 
mer and an F and an N monomer, respectively. The migration rates of the hybrid 
dimers would be expected to be intermediate between the two homozygous parental 
types. Since the endosperm tissue is triploid, receiving two chromosome sets from 
the maternal parent and only one from the male, the hybrid would contain twice 
as many maternal genes as paternal and might conceivably produce twice as many 
maternal-type monomers as paternal. Random association of monomers would 
result in a ratio of 4 maternal (homozygous): 4 hybrid (heterozygous): 1 paternal 
(homozygous) dimers. If the hybrid enzymes are dimers, this maize system would 
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differ from the human hemoglobin system since 848° hybrid molecules are not found 
in A/S heterozygotes.* 

Preliminary attempts to dissociate the enzymes have not been successful. No 
evidence for dissociation was obtained when the pH was reduced to 3 for as long 
as one hour. Since the pH of the extracts was brought back to neutrality before 
the electrophoretic separation, it was important to ensure in these studies that the 
negative results were not caused by reassociation. The treatments were carried 
out on a mixture of extracts of two enzyme types, N and F, and on the extract of a 
hybrid containing F, FN, and N enzymes. Dissociation without subsequent re- 
association might not be detectable in the F and N mixture but would result in 
elimination of the hybrid enzyme band in the extract of the heterozygote. Al- 
ternatively, dissociation with subsequent reassociation might result in no notice- 
able change in the hybrid extract, but would result in the appearance of a hybrid 
band in the F and N mixture. The treatment caused no change in the zymogram 
pattern of the extracts. 

The fact that zymograms can be developed with the extract of only single kernels 
makes it relatively simple to test the segregation of the three enzyme types, since 
all the kernels on an ear resulting from a particular cross can be tested and scored 
individually. The enzyme types appear to segregate in a straightforward Men- 
delian fashion. We have tested the I, progeny of a self-pollinated N/S heterozy- 
gote. The endosperms segregated in a 1:2:1 ratio (82 N:55 N NS 8:36 8). Both 
types of heterozygotes were found, those with the N and NS bands being heavy, 
and others with heavy NS and S bands. 

Some of the stocks tested show another slow-moving esterase band of varying 


intensity that migrates at about the same rate as the S band. This band is found 
in some of the N and F stocks and probably occurs in the S stocks as well but is 
masked by the S band. This band does not interfere with the analysis, however, 
since it can easily be distinguished from the S band by its failure to form the hybrid 


enzymes when in combination with an N or F enzyme. Further proof that this 
slow-moving esterase band involves a different enzyme and is not under the control 
of the gene or genes governing the fF, N, and S bands comes from selfing experi- 
ments. If this slow-moving band were a mutant of the enzyme under considera- 
tion, so that plants that carried F or N and in addition the slow band were heterozy- 
gotes, selfing of such plants should produce progeny segregating for F or N alone, 
the slow-moving band alone, as well as progeny showing F or N in addition to 
the slow band. However, all the progeny of such self-pollinations showed both 
F or N and the slow-moving band. 

The differential migration rates of the F, N, and S esterase types can also be 
demonstrated by agar gel electrophoresis, but the differences in migration rates of 
the three types are not so pronounced as in the starch gel. 

This basic protein with esterase activity is found in the seedling as well as in 
the endosperm. The enzyme is either absent or present in only very low concen- 
tration in the radical, but its concentration in the plumule seems to be even higher 
than in the endosperm. The same enzyme types found in the endosperm also 
occur in the plumule. Stocks with F, N, or S type enzymes in the endosperm 
show the F, N, or S type enzymes in the seedlings, respectively. Each enzyme type 
from the seedlings forms a continuous band with the corresponding enzyme type 
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from the endosperm when the two are run side by side in the same gel in the over- 
lapping test.’ As is the case with the N/S and N/F endosperm heterozygotes, 
both the parental as well as the hybrid enzyme bands are seen in the seedling 
heterozygotes. The seedlings are diploid, and in the heterozygotes the hybrid 
band is usually more intense than the two parental bands. Selfing of the F; 
heterozygotes that show three bands results in progeny consisting of the two 
parental homozygous types and the heterozygotes. For example, the F, progeny 
of F X N crosses consisted of 141 F: 292 F FN N: 146 N seedlings; F2 progeny of 
N X S was composed of 21 N:41 N NS S:20 S seedlings. 

In the case of the seedlings, material was available for a study of hybrids re- 
sulting from crosses of F * S. Such hybrids show the F and S bands and a third 
band in the normal position, which we interpret to be the FS hybrid dimer. This 
is the result expected if F and S are allelic. If the genes controlling F and S are 
not allelic and act independently, some N type enzymes should have been formed. 
Dimerization among the three types, F, N, and S would have resulted in five bands, 
FF, FN, NN (or FS), NS, and SS. The F, progeny of the F X S crosses tested 
segregated 139 F:314 F N S: 141 S seedlings. The gene is designated as FE (for 
esterase) and the three alleles, E’, H’, and E°. 

Two different mutant effects on enzyme control have now been described in 
maize. This paper deals with mutant genes, E’ and E*, which result in the produc- 
tion of altered enzymes, whereas the sh; mutant? has been shown to be an amorph 
in that sh; homozygotes completely lack the protein produced in the presence of 
the dominant Sh, allele. 

Synthesis of hybrid enzyme polymers has been postulated to explain interallelic 
complementation in Neurospora heterocaryons.® ® 

The formation of hybrid enzymes in gene heterozygotes such as described in this 
paper could be a factor in hybrid vigor. According to this hypothesis, the hybrid 
enzyme would be more active than either of the parental homozygous types. Such 


a comparison cannot be made in this study since we do not have an independent 
measure of enzyme concentration in the various bands. The parental and hybrid 
enzymes must be purified for determinations of specific activities. 

The E gene has not been located on the genetic map. There is no easily detect- 


able phenotypic alteration associated with these mutant genes; however, the map- 
ping should be simplified by the finding that the #* gene in the shg stock is asso- 
ciated with a reduced functioning of the male gametophyte. An E%/E*% heterozy- 
gote, synthesized by crossing W-23 X sh4 co”, was self-pollinated, and the F, endo- 
sperms were comprised of only two classes occurring in a 1:1 ratio, 23 E’/E*/E* 
(showing only the N enzyme band) and 18 E*’/E%/E* (having the N, NS, and S 
bands with the NS and S being intense). These results indicate that none of the 
fertilizations were accomplished by pollen carrying the E* allele so that all the 
heterozygotes received the H*% from the female side. The linkage relationship of 
the male gametophyte factor can be determined since it will result in aberrant F», 
ratios for linked marker genes and its location will serve to position the E* gene. 
Summary.—This paper describes genetic studies with three forms of a basic 
protein with esterase activity. These enzymes are under the control of three allelic 
genes, LH’, FE’, and E* and show differential migration rates in starch gel electro- 
phoresis. Heterozygotes are shown to contain a hybrid enzyme in addition to the 
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two parental types. 
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DIVERSE RATIOS OF MUTATIONS TO CHROMOSOME ABERRATIONSIN 
BARLEY TREATED WITH DIETHYL SULFATE ANDGAMMA RAYS* 


By R. E. Herer, C. F. Konzax, R. A. Nman, ano R. R. Lecauutt 


DEPARTMENTS OF AGRONOMY AND AGRICULTURAL CHEMISTRY, WASHINGTON STATE UNIVERSITY 


Communicated by R. Alexander Brink, July 8, 1960 


The present report demonstrates that a solution prepared by adding diethyl 
sulfate to water (referred to as diethyl sulfate) induces a high frequency of muta- 
tions associated with relatively few chromosomal aberrations. These properties 
are quite unlike those previously shown for other alkylating agents and radiation.! 

The mutagenic activity of diethyl sulfate on Drosophila melanogaster larvae 
was reported in 1947 by Rapoport,? and was shown recently* * to produce in 
barley a slightly higher frequency of mutations than Xrays. By providing different 
treatment conditions we have observed that the induced mutation frequency for 
diethyl sulfate may be more than double that previously reported.* 4 

Materials and Methods.—Resting barley seeds (Hordeum vulgare 2n = 14, var. 
Himalaya C.I. 620) selected for uniformity of size and freedom from injury, were 
stored over a saturated solution of NH,Cl + KNO; in a desiccator to stabilize their 
moisture content. The seeds contained approximately 15 per cent moisture at the 
time of treatment. 

Seeds were treated by immersing them in saturated solutions of diethyl sulfate. 
The saturated solutions were prepared using 15 ml of diethyl sulfate per liter of 


oxygen-saturated distilled water at 30°C. The water was saturated with oxygen 


to assure repeatability of conditions. Recent work. however, has indicated that 
this factor is not important. After agitating the mixture frequently during a 90- 
min hydrolysis period, 100 ml aliquots were pipetted into 250-ml Erlenmeyer flasks 
containing approximately 260 seeds. Six replicates of seeds were immersed for 1-, 
1'/.-, and 2-hr treatment periods, then rinsed with distilled water and planted 
immediately on moist blotting paper. Each replication included: 50 seeds for an 
analysis of seedling injury; 200 seeds that were germinated 24 hr over moist filter 
paper, then sown in the field 2-in. apart in 40-ft rows for survival, fertility, and 
mutation studies; and 10 seeds for cytological examination. 
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Seedling injury, one criterion of the effect of treatment, was measured in terms of 
the relative height of treated and control seedlings. Six replicates of 50 seedlings 
each were grown 7 days on moist filter paper in petri dishes under 400 ft-c of cool 
white fluorescent light. The temperature during the growth period varied between 
20° and 27°C. 

In the survival, fertility, and mutation studies, plant survival was determined 
from the number of plants harvested in proportion to the number of seeds sown for 
both the chemical and radiation experiments. Fertility was determined from 
counts of filled and empty florets of spikes from 100 M, plants in each of 2 replica- 
tions of the chemical experiment. In the mutation study, up to 5 of the most 
mature spikes were harvested from each M, plant; thus, presumably all of the spike 
primordia present at the time of seed treatment were included in the analysis. 
The spikes from the M, plants were laid in steamed-washed sand in a lightly-shaded 
greenhouse maintained at 18° to 22°C during the early winter of 1959-1960. 
Each greenhouse bench contained spikes from all treatments of a replication. 
This design minimized the influence of environment as a variable in the analysis. 

The mutation analysis included only chlorophyll-deficient mutations. These 
mutants were recorded in the seedling stage according to the system of Stadler® 
and Gustafsson,® and matched with actual key-type samples. Mutant and non- 
mutant seedlings were recorded for each plant and each spike, thereby providing 
mutation data on the plant, spike, and seedling basis. Since precise methods of 
mutation analysis are still under development, several methods were compared in 
the present study. Inherent in each of the methods is a certain bias to the estimate 
of the induced mutation frequency. 

The mutxions per plant method of analysis tends to underestimate the true 
value because multiple events of the same mutation type are not recognized. The 
spike method of analysis may underestimate or overestimate the mutation fre- 


quency depending on the recognition given to different spikes carrying the same 
mutation type. According to Gaul,’ the mutant seedling method, also used here, 
seems to be less affected by the above factors but does not appear to show the 
relative number of mutational events induced. An attempt was made to correct 


the bias in the spike method of analysis by the following means: two spikes of a 
plant that carried the same type of mutation were recorded as one mutation on the 
plant basis; however, for the spike, only one mutation was recognized if either of 
the two spikes showed a segregating ratio of 3to1. In this case, it was assumed that 
both spikes contained mutations which were the result of the same mutational 
event. A3to 1 ratio would be expected if a tiller originated from a mutated sector. 
On the other hand, when neither spike showed a segregating ratio approximating 
3 to 1, their mutations were assumed to be independent and were recognized as two 
mutations. 

To compare mutation spectra, the chlorophyll mutations for the chemical and 
radiation treatments were grouped in the following phenotypic categories: (1) 
albina, near absence of yellow and green pigments; (2) viridis, green-yellow pig- 
ments distributed uniformly or in a gradient; (3) xantha, yellow pigment distributed 
uniformly; (4) tigrina, transverse destruction of pigments in yellow or green leaf; 
and (5) striata, longitudinal stripes of yellow or white. The very small number of 
other types was ignored for this comparison. The mutation spectrum for each 
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agent included the percentage of 
spikes segregating in each of the 
phenotypic classes. Confidence 
limits for the comparison of muta- 


products, 


seedling growth responses reported here. 


fertility 


tion spectra were set according to 
tables presented in Steel and Tor- 
rie. 


survival 


Chromosome aberrations were 
analyzed by the aceto-orcein smear 
technique in the diethyl sulfate ex- 
periment, and by the aceto-carmine 
smear technique in the radiation ex- 


of control 


gs 


periment. Previous results have 


»dlin 


shown these techniques to be com- 
parable. The aberrations were 
scored at anaphase in the somatic 


AND RabDIATION TREATMENTS 


cells of the shoots from germinating 


‘ 


SULFATE 


seeds and were recorded as dicen- 
tric bridges and acentric rod, isodi- 
ametric, and dot fragments. Mito- 


Per cent mut 


tic shoot tip analyses were conducted 
on seeds from the field experiment. 
The studies were expanded later 


to DierTHyL 


with additional and more severe 
diethyl sulfate treatments for cy- 
tological observation of cells in the 


Water Control 


Z 
t. 


Gamma Radiation 


first, second, and third mitotic divi- 
sion cycles in seeds fixed during 
periods from 24 to 72 hr germination 
at 25°C. Induced chromosome 
translocations were scored in pollen 
mother cells from plants of this 
separate experiment using the 


y the commercial diethyl sulfate have indicated that the chemical used for this study contained decomposition 


Recent experiments using purified samples of diethyl sulfate revealed that shorter seed treatment times were necessary to produce the same 


AND MuTaATION RESPONSE OF BARLEY 


acetocarmine smear technique. 

The field planting of the diethyl 
sulfate study was completed May 
29, 1959, somewhat late for a nor- 
mal barley season, but the growth 
and general vigor of the crop was 
satisfactory. The gamma radiation 
experiment was completed the pre- 
vious season. The radiation treat- 


camined 


eps taken recently to purif 


SURVIVAL, FERTILITY, 


Plants 


ments used for comparison were 
those regarded as the most effective 
developed in our research program. 


be noted that s 


In this study, the seeds were frozen 
in dry ice (—78°C) prior to and dur- 
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ing irradiation, then hydrated in distilled water at 32°C for 2 hr before sowing. 
Other conditions were reasonably comparable to those of the diethyl sulfate study. 

Results —The My, seedling injury response to diethyl sulfate treatment was 
non-linear in contrast with the linear response for similar material exposed to 
gamma radiation (Table 1). The leaves of seedlings treated with diethyl sulfate 
were shortened but did not show the flecking reaction typical for irradiated 
material. 

Plant survival was reduced both by the diethyl sulfate treatments and the irradia- 
tion. Differences in the survival for the two agents were not especially notable, 


except in relation to the comparable seedling injury data. Here, plant survival 


from chemically treated seeds was higher at a given seedling injury value than was 
observed with radiation treatments. 

The mutation data showed that the frequency of mutations induced by the 
diethyl sulfate solution increases with time of treatment. A similar response was 
shown for the mutation frequency based on mutations per plant, mutations per 
spike, and per cent mutant seedlings in M.. Deviation from linearity was noted in 
the mutation frequency-curves for diethyl sulfate treatment after plotting the data 
for mutations per plant progeny and per cent mutant seedlings in My. However, 
the deviations were in opposite directions for these two measurements. 

The same methods of analysis applied to the data obtained from the gamma radia- 
tion experiment showed that a near-linear relationship was obtained for the in- 
crease of mutation frequency with dose only for the percentage of mutant seedlings 
in M>,. Both mutations per spike and per plant showed non-linearity with doses 
above 60 Kr. Greatest differences between the mutation rates determined by the 
different methods were at the highest radiation dose. Here, sterility due to induced 
translocations was greater, and the plant survival was lower than for other doses. 
The proportion of mutant seedlings was noticeably higher among the 80 and 100 
Kr treatments, and reflected in the values obtained for the per cent of mutant seed- 
lings. 

Diethyl sulfate treatments appeared to induce a different mutation spectrum 
than gamma radiation (Table 2). At the 99 per cent confidence interval, differ- 


TABLE 2 
CoMPARISON OF MutTATION SpectRA INDUCED BY DIETHYL SULFATE AND GAMMA RaDIATION 


-—Number of mutations Per cent of total mutations 99% confidence interval———-——~ 
Phenotypic Gamma Diethyl Gamma Diethyl Gamma Diethyl 
categories radiation sulfate radiation sulfate radiation sulfate 
Albina 272 262 18.6 30.3 43.2-54.8 24.8-35.! 
Viridis y 387 mY Mae § 44.8 31 412.8 39. 2-50. ¢ 
Xantha 2! 88 1.5 10.2 2 6.7 6.8-14. 
Tigrina 3 52 5.9 6.0 3 9.0 3.6- 9.2 
i 3.4 8.7 l 6.1 6.1-12. 


Striata 19 
Total 864 


QO Hm ho Oh 


ences were shown for the albina, xantha and striata categories, while similarities 
were observed for the viridis and tigrina classes. 

Notable also was the fact that the survival value for the 80 Kr radiation treat- 
ment was about the same as for the 2-hr diethyl sulfate treatment, and the mutation 
frequency, measured as per cent mutant seedlings in M>., was similar. Compared 
on the basis of mutations per plant and per spike progeny, the mutagenicity of the 





VoL. 46, 1960 GENETICS: HEINER ET AL. 1219 


two treatments appeared to be very different. Sixty-six per cent of the diethyl 
sulfate treated plants showed mutations, compared with only 26.6 per cent of those 
exposed to 80 Kr of gamma rays. 

Cytological analyses of over 300 first mitotic anaphase cells from shoot tips of 
seeds treated with diethyl sulfate for the field experiment revealed no visible chromo- 
some structural changes. However, the mitotic analysis of 591 anaphase cells 
from seeds given a more severe chemical treatment than seeds in the field experi- 
ment showed a frequency of 0.11 chromosome fragments and 0.02 bridges per cell. 

Similar results have been obtained also in studies on Crepis capillaris, which has 
only 3 pairs of large, distinct chromosomes. Among 275 root-tip metaphase cells 
from seeds treated with a saturated solution of diethyl sulfate, only 12 chromosome 
fragments were observed. Three fragments were observed in a similar number of 
cells from nontreated seeds. In contrast, the cytological analysis of shoot tips 
from barley seeds exposed at 60 Kr gamma radiation showed 3.4 rod and dot frag- 
ments, and 0.52 bridge per cell from 300 anaphase cells. 

The meiotic analysis of M,; plants from a severe chemical treatment of barley 
showed 4 spikes with chromosome interchanges among 175 examined. Similar 
studies on spikes from the 60 Kr gamma radiation treatment showed 46 inter- 
changes among 175 spikes. 

Discussion.—Differences in the biological effects of diethyl sulfate and gamma 
radiation were observed in the following: (1) frequency and spectrum of mutations, 
(2) chromsome aberrations, (3) leaf-flecking reaction, (4) survival in relation to the 
seedling injury test, and (5) causes of semi-sterility. 

According to Heslot and Ferrary* and Ehrenberg,‘ diethyl sulfate was more 
effective than radiation for producing mutations in barley. However, evidence 
presented here showed that diethyl sulfate was at least twice as effective as these 
workers reported. This difference in magnitude in the activity of diethyl sulfate 
might be due to experimental conditions. 

In this study, the treatment conditions using diethyl sulfate differed in two 
respects from that previously reported. Firstly, the temperature used was 30°C 
as compared to 3° and 24°C; and secondly, saturated solutions were used instead 
of 0.1 and 0.2 per cent solutions. 

The difference in temperature was probably not the most important factor in- 
fluencing the mutation rate since Heslot and Ferrary found no appreciable differ- 
ence when 3° and 24°C temperatures were used. The possibility exists that high 
temperatures increase metabolism and, in combination with an active mutagen, 
produce higher mutation rates. 

The second difference concerns the concentration of the active mutagen in the 
treatment solution. It appears reasonable to suppose that frequency of mutation 
would be increased through use of higher concentrations of mutagen. Diethyl 
sulfate is rapidly hydrolyzed to ethyl-sulfuric acid and alcohol followed by much 
slower hydrolysis to sulfuric acid and aleohol. Thus, the larger amount of diethyl 
sulfate and the shorter exposure times used in our experiments should have insured 


a greater concentration of active mutagen available to the barley seeds. 
Although the differential action of mutations to chromosome aberrations has been 
reported for many mutagenic agents,’ it has been shown for the first time that 


diethyl sulfate induces high rates of mutations accompanied by few chromosome 
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structural aberrations. Thus, the ratio of mutations to chromosome aberrations 
for diethyl sulfate is extraordinarily high. This demonstrates that diethyl sulfate 
possesses properties quite unlike radiation and most other alkylating agents. 
With other agents this ratio may vary from practically zero for 8-ethoxycaffein to 
infinity for nebularine, with most alkylating agents and ionizing radiation taking an 
intermediate position.‘ 

Information obtained from the cytological analysis indicates that the partial 
sterilities induced by diethyl sulfate treatment and by radiation’ exposure are 
different. The high frequency of chromosome translocations induced by radiation 
would help to account for the semi-sterility. On the other hand, the few chromo- 
some translocations and little other structural damage induced by diethyl sulfate 
solutions indicates that semi-sterility in this case may not be due to the same 
cause. It is possible that some of the sterility induced by the diethyl sulfate 


treatments is due to induced gene mutations. 

The frequencies of induced chromosome damage may be correlated with the 
leaf flecking which appear as patches of injured or necrotic cells. This is supported 
by the fact that severely injured seedlings from seeds immersed in a saturated 


diethyl sulfate solution showed no leaf flecking, a reaction typical for moderate to 
severe radiation treatments. Hence, this evidence seems to substantiate data ob- 
tained from the cytological analysis. 

Another difference is that the survival of seeds severely injured by diethyl sulfate 
was greater than for radiation. In this respect, it is noteworthy that other 
workers':'! have shown recently that diethyl sulfate treatments produce high 
mutation rates with high survival in bacteria. 

Moreover, the spectrum of mutation types induced by diethyl sulfate and gamma 
rays also may be different. The chemical treatments appeared to induce fewer 
albinas, and more xanthas and striatas than gamma radiation. The proportion of 
viridis and tigrina types was similar for the two agents. Heslot and Ferrary* had 
reported earlier that the spectra of mutation types was similar for the two agents, 
but the larger population of mutations grouped into a broader number of categories 
used in the present study may have revealed differences. 

Preliminary studies indicate that dimethyl-sulfate and ethyl-methane-sulfonate 
also induce few chromosome aberrations in barley. 

These results have far-reaching fundamental and practical significance. They 
demonstrate for a highly effective mutagen that the mechanisms responsible for 
induced mutations are distinct from those responsible for chromosome structural 
changes. Breeders can produce, at little cost, large numbers of induced mutations, 
with minimum disruption of chromosome complements. This should both simplify 
and increase the efficiency of mutation plant breeding. 

Summary.—Treatment with a diethyl sulfate solution caused injury to barley 
seeds, but the injury differed from that caused by radiation in that the characteristic 
leaf flecking of M, seedlings was not observed. The relative absence of leaf flecking 
appeared to be correlated with the observed low frequency of chromosome struc- 
tural changes at the first mitosis in treated seeds and microsporocytes of M, plants. 
In contrast, radiation treatments produced abundant chromosome structural 
damage which could be measured at both stages of plant growth. Moreover, the 
semi-sterility of 1/, spikes of diethy!-sulfate-treated barley could not be accounted 
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for on the basis of induced chromosome interchanges. In addition, it was found 
that diethyl sulfate treatments induced a high frequency of mutations, and further 
investigation revealed that the spectrum of mutation types appeared to be different 
for the two mutagenic agents being compared. The distinct lack of association of 
chromosome structural aberrations with mutations for a highly effective mutagenic 
agent has broad fundamental as well as practical implications. 
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THE THERMODYNAMICS OF SEA WATER 
By HARMON CRAIG 


DEPARTMENT OF EARTH SCIENCES AND SCRIPPS INSTITUTION OF OCEANOGRAPHY, 
UNIVERSITY OF CALIFORNIA, LA JOLLA 


Communicated by Walter H. Munk, July 15, 1960 


In a recent volume dealing with the physics and chemistry of sea water,! Fofo- 


noff? presents a systematic application of the equations of thermodynamics to an 


ocean water system. Few subjects are more fundamental to the study of the sea 
and more neglected in application, reflecting the inherent difficulties in treating ¢ 
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multicomponent system in natural surroundings and in treating nonequilibrium 
systems. Confronted with these obstacles, it seems only reasonable to hope that 
oceanography, in contrast to meteorology which presents much simpler problems, 
might refrain from attempting to establish a unique thermodynamic jargon of its 
own. Especially in dealing with natural systems, a clear and precise formulation 
according to established theory is necessary to prevent isolation from scientists in 
other fields, and indeed to insure the correct development of the subject. 

Fofonoff’s treatment seems to me to be erroneous in several respects, and to be 
misleading in the development of terminology which obscures the formal sim- 
plicity of general usage. In what follows, I discuss in particular two aspects of 
Fofonoff’s paper: the ocean as a thermodynamic system in a gravitational 
field, and his treatment of the chemical potential in dealing with the components 
of sea water. 

Gravitational Field Treatment.—Fofonoff points out that the ocean is a complex 
thermodynamic system in a gravitational field, consisting of infinitely many phases 
in vertical extent. To describe the changes in internal energy of a general sea water 
system, he states the “First Law” as 

dU = TdS — PdV + 3% (u; + ¢) dm; (1) 
an equation which he quotes from Guggenheim.* (I use Guggenheim’s terminology, 
rather than Fofonoff’s, throughout this paper, except that m; is the mass of com- 
ponent 7 and yu is the “‘specific’’ chemical potential referred to mass units instead of 
moles.) @ isthe gravitational potential gh. Integrating (1) in the usual way gives: 


U = TS — PV + >> mu, + me (2) 


where m = >. m;. (Fofonoff uses intensive form from this point on, but this does 
not affect the argument.) Differentiating (2) and subtracting (1), Fofonoff derives 
what he proposes as the ““Gibbs~Duhem relation” for sea water, 


SdT — VdP + 2. mdu; + mdd = 0 (3) 


and states that the partial derivative of specific “internal” entropy with respect to 
salinity can be calculated from this relation when the chemical potential of water is 
known. 

Fofonoff’s relation (3) is, however, incorrect because equation (1) actually applies 
only to a specific phase, i.e., to matter at a fixed gravitational potential. Thus 
in the differentiation of (2), the term md@ = 0, and this term will not appear in (3), 
as indeed it should not. Gibbs, on the other hand, in his discussion of the gravi- 
tational field,‘ treats an arbitrary element of mass within the system; here there 
is an additional term md@ in (1) as applied to the mass element. This term will 
also occur on differentiating (2), so that it cancels in the subtraction. In either 
case we obtain the correct Gibbs—-Duhem equation: 

SdT — VdP + mdyp; = 0 
which is therefore invariant in the gravitational field. Gibbs himself stated that 
this relationship (which he derived without considering the gravitational field) is 
true for any continuous variations of phase, which is the reason that the equilibrium 
conditions in a gravitational field are overdetermined.* 
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Equation (2) is always true for an arbitrary mass element and therefore is also 
true in the special case of fixed @ treated by Guggenheim. The difficulty only 
occurs when we try to integrate Guggenheim and differentiate Gibbs. To describe 
a general sea water system at equilibrium, as Fofonoff wishes to do, the correct 
Gibbs-Duhem equation must be integrated over all mass elements (Gibbs) or all 
phases (Guggenheim), under the equilibrium constraint d7’ = 0 (neglecting the 
insignificant relativistic gradient). This simply gives the condition for hydrostatic 
equilibrium, as was shown by Gibbs. 

Chemical Potential.—Considering sea water as a system of water and “salinity,” 
Fofonoff defines: 


where 

Uy = chemical potential of water (mass units) : 

us = chemical potential of dissolved salts (‘‘salinity’’), assuming the components 

of salinity occur in fixed proportions; and 

uw = “chemical potential of sea water.” 

(Fofonoff actually calls all these functions “‘partial chemical potentials” in con- 
trast to an ordinary chemical potential which he attributes to a pure phase. This is 
equivalent to partial Gibbs free energy, a term which has no meaningful 
definition. ) 

On page ix of the volume referred to,' we find that the Committee on Physical 
Properties considers the “chemical potential of sea water” to be an important prop- 
erty which should be measured and computed. It is therefore somewhat discour- 
aging to note that the u defined above is not by any possible definition a chemical 
potential. If we consider salinity to be a pure salt of fixed composition, then this 


(+) 9 — Bw 
Pere ‘ 
Ox, P.T Xs 


where 2, is the mass fraction of salinity and g is the specific Gibbs free energy per 


function is: 


unit mass of sea water. 

Gibbs used specific chemical potentials in terms of mass units, but he did not 
treat the thermochemistry of solutions. Fofonoff does not discuss the concentra- 
tion dependence of his potentials in terms of the mass fractions he uses, but the 
greatest difficulty in actually using such functions is that the chemical potential 
of a component of an ideal solution is no longer linear in the logarithm of concentra- 
tion. Thus in Fofonoff’s units, we have for the chemical potentials of water and 
“salinity”’: 


‘ M, M,, 
My = wet A,T lnx, — R,T ln} z,)1 -—-—) + 


M, 


i ea as a ( S ange 
Ue = ow f r nz. # se M. M. 


M, 


where M, and M, are the molecular weights of water and “salinity,” and R,; = 
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specific gas constant, = R/M,. These expressions involving mass functions are 
to be contrasted with the simple ideal solution dependence in terms of molal func- 
tions and mole fractions: 


(uw): = (w)* + RT In (2); 


where the parentheses signify molal chemical potentials and mole fractions. 

The use of Fofonoff’s function » puts standard equations in a form difficult to use. 
For example, Fofonoff’s equation (12) for the freezing point depression in sea water 
in equilibrium with ice (assuming the ideal solution law) is: 


8 — Sice = —T,; 
Ox, P On, Py T 


where s; is specific entropy of phase 7 and his yu is as defined above. One may ask 
what the right hand side of this equation is, in terms of usable functions. In Fofo- 
noff’s units, the equation as it must be used becomes: 


—R,T' 


oT . 
banca ( ) ‘ M, 
Ox,/ p [1— x,])/ — (1 — 2,) + 2, 


M, 


This equation and the previous one are to be compared with the simple expression 


given in molal units and mole fractions: 


oT —RT 
(se — (%)icell ——) = 
O(x)./ p [1 — (x).] 


Fofonoff comments that he uses specific chemical potentials in mass units in order 
to use salinity as a state variable. It will be noted, bowever, that both here and 
above the molecular weight of “salinity” enters his equations whenever one puts 
them into the form in which they are actually used. Salinity can be used as a vari- 
able in any type of units, depending on the problem. However, in considering the 
properties of sea water, the function py is only an apparent convenience which aciu- 
ally obscures the simplicity of most of the thermodynamic equations, regardless of 
the type of units used for salinity. 

In reality, of course, u, cannot be defined without treating salinity as NaCl, for 
if the proportions of dissolved salts are not constant, the Gibbs function changes 
even though x, may be constant. Since G is also a function of components not 
included in salinity, such as dissolved gases, combined COs, and dissolved organic 
matter, the concept of uw, as a summation involving fixed multipliers is not very 
useful. One either treats the ocean directly as a two-component system or one 
doesn’t, but in either case the molecular functions are always the more useful when 
even the simplest chemistry is involved. 

The ‘chemical potential of sea water’ could be correctly defined by treating a 
system whose components are sea water (of a fixed composition), pure water, and 
any other components desired, using a three or more component system to treat the 
effects of any particular species. For example we could take standard Copenhagen 
sea water as a component of sea water and compute or measure u for this component 
in simple systems. It is doubtful whether much would be gained compared to 
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treating the ocean simply as water and sodium chloride. Still, the nomenclature 
should be preserved for an actual component of the system in case such a treatment 
becomes useful. 

1 Physical and Chemical Properties of Sea Water, National Academy of Sciences—National 
Research Council (Washington, D. C.), Pub. 600 (1959). 

2 Fofonoff, N. P., “Interpretation of Oceanographic Measurements—Thermodynamics,”’ 7bid., 
38-66. 

3 Guggenheim, EK. A., Thermodynamics, (North-Holland Publishing Company, 1957), p. 404. 

' Gibbs, J. W., Collected Works, (Yale University Press, 1928), Vol. 1, p. 146. 


BEST APPROXIMATORS WITHIN A LINEAR FAMILY ON AN 
INTERVAL 
By J. L. WatsH AND T. 8. Morzkin 
HARVARD UNIVERSITY AND UNIVERSITY OF CALIFORNIA 
Communicated July 19, 1960 


It is our purpose in the present note to investigate the behavior of functions p(x) 
of best approximation to a given function f(x), where p(x) is supposed to belong to a 
linear family P and where deviation is measured on £:0 < x < 1 by a generalized 


norm 
f(x) — plx)|| = fe r( f(x) — pla)| )w(a)dx 


involving a transformer z(t) and a weight function w(x). This norm was recently 
studied by the authors! in the special case 7(t) = t’, p > 0, w(x) = 1, and is now 
to be studied more generally (but not including the case p < 1). For positive r(t) 
we may write 7(t) = ¢“’, and our problem becomes that of variable-power approxi- 
mation, an aspect that we do not stress for nonconstant a(t). We use r(t) directly 
to define our norm, in contrast to Orlicz who introduces a function comparable 
with our z(t) but defines quite differently a norm in the classical sense. 

We considered in reference! and consider particularly here properties of oscilla- 
tion of f(#) — p(x) on # and identical vanishing of f(z) — p(x) on a subset of EF of 
positive measure, extensions of classical results due to D. Jackson. Our previous 
results derived necessary conditions for best approximators, whereas here we treat 
also sufficient conditions. Under suitable conditions we prove the existence of a 
weight function so that a given p(x) shall be a best approximator. Our methods 
involve a certain algebraic inequality akin to orthogonality (inequality [1] below), 
of a type which was recently used by one of us? in an invited address. 

The authors have previously investigated’ approximation on a finite set with the 


pth power norm, but postpone such consideration of the 7-norm to another occasion. 
1. We consider henceforth a deviation as defined by a generalized norm 


g(x) Sr T(| g(x) ywlia)dx, H:O< ax 


where r(t) is defined for all t, 0 < t< ©, where r”(¢) exists and is continuous for such 
t, and where w(.c) is continuous on FZ and positive a.e. We study for a given function 





1226 MATHEMATICS: WALSH AND MOTZKIN Proc. N. A. S. 


f(x) continuous on # and for every p(x) of a given linear family P of functions con- 
tinuous on E the deviation ||f(x) — p(x)|! as a functional of p(x). If on every ray 
with end-point p(x) in P-space, p(x) yields a local weak minimum, then we call p(x) 
a starwise weakly r-nearest element of P to f. The transformer 7(t) need not be 
positive; addition of a constant to 7r(t) merely adds a constant to every ligil; 
multiplication of r(t) by a positive constant multiplies every ||g|| by that constant. 

TueoreM 1. If the element p of P is a starwise weakly r-nearest element to f, then 


for every qin P we have 
Se—n 7’ (Sf — p|) sen f — p)wde < 7’ (0) Sn, q| wd, (1) 


where Ey is the subset of EF on which f — p vanishes. 
Coroutuary 1. Jf 7r’(0) = 0, condition (1) can be written as a set of orthogonality 
relations 


Se—e,07'(f — p|) sen (f — p)wde = 0 (2) 


where the q, form a basis for P on E. 

Corouiary 2. If 7/(0) < 0, condition (1) can be replaced by (2) and the additional 
requirement meas iy = 0. 

To prove Theorem | we let g(x) be any element of P, and let €(> 0) be arbitrary. 
Let E; = E,(e) denote the subset of EZ on which we have 0 < |f — p| < elq|, 
whence sgn (f — p — eg) ¥ sgn (eq), where sgn (0) is defined as zero; then in some 
neighborhood of t = 0 we have | 7’(t)| < A, and for sufficiently small ¢ there follows 
on FE, 


rif—p—e|) — r0)| <Alf-—p— eq) < Af —p| + e|q|). 
r(lf — p|) — r(0)| < Alf - | 


p| < Aelq|, 
r(lf—p— eq) — rif — pl)| < 3Aelq|. (3) 


It is to be noted that £; varies monotonically with €; its measure approaches zero 
with ¢, for if a sequence e, of numbers ¢ approaches zero, and if x, lies in L; = Ei(e), 
then every limit point of the sequence 2; lies in Zo. Consequently we have by (3) 


Serf —p —-— «q\) — rif — p|)lwdr = ofc). (4) 


By the continuity of r”(t) and hence of d?[r(| f — p — eq|)/de in FE — FE, we may 
now write 


f-p-«@q e—E,—E, [Tf — p|) — eq7r’'(\f — p}) sgn (f — p) + o(€)]wdx 
I 4 I 
+ fr, [r(0) + eqr’(0) sgn g + o(e) Jwdx + Sn, rf — p — «| wd, 


where all terms of the square brackets are continuous in x on the sets of integration, 
and where the property o(e) means uniformly with respect to x. A necessary and 
sufficient condition that || f — p|| havea weak local minimum at p on the ray joining 
p to q is for sufficiently small € by (4) 


f-—p-eq|| -—||f — pl > 9, 
e|—Sr—n,—e 97’ (\f — p|) sen (f — p)wde + r'(0) Sz, |qiwdr] + ofc) > 0. (5 


Division of (5) by ¢ and approach of ¢ to zero now yields (1), and the theorem. 
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If (1) is written for q = q; and q = —q,; where 7’(0) 0, we obtain (2), and 
establish Corollary 1. Corollary 2 is similarly proved. 

A further corollary, in the direction of a converse to Theorem 1, follows from (5): 

CorROLLARY 3. For given p and q in P, the strong inequality in (1) is sufficient that 
p be locally a strongly r-nearest element to f on the ray from p passing through p + q. 

Theorem 1 and Corollaries 1 and 3 remain valid if the weight function w(x) is 
allowed to be negative on a subset of F. 

2. In the case r’(0) > 0 we may be able to prove further properties of the func- 
tion p. 

THEOREM 2. Let the element p of P be a starwise weakly r-nearest element to f, and 
suppose r'(t) > 0 fort > 0. Suppose there exists a number n(>1) such that to every 
set of r(< n — 1) interior points of EF there corresponds an element q of P which has 


strong sign changes on E in precisely those assigned points. In the case r = 0 we sup- 
pose there corresponds such an element q not identically zero. Then either meas Ey > 


0 orf — phasat least n strong sign changes in E. 

If meas Ey = O and f — p has fewer than n strong sign changes on E, let g (#0) be 
an element of # having precisely the strong sign changes of f — pon EF; we assume, 
as we may by replacing q by — qif necessary, that sgn q = sgn (f — p) except na- 
turally on Zy and where q itself vanishes. Then (1) is contradicted, so Theorem 
2 is established. 

If we note that (1) is satisfied also if meas (2 — E,) = 0, this proof establishes 
the 

Corotuary. If 7'(0) = 0, thenf — p has at least n strong sign changes in E unless 
f—p=0OoekE. 

We remark that even the weaker condition on a linear family P, that given any 
n — 1 distinct interior points of / there exists a g(#0) in P that vanishes there, 
implies that P has dimension at least n. The fact that one cannot prescribe n — 1] 
zeros for a function of a linear family of dimension r(<n) is immediate for r = 1; 
for r > 1, prescribe one zero at a point x; where not all p vanish; then those p(x) 
satisfying p(z:) = 0 form an (r — 1)-dimensional linear family, and the fact stated 
follows by induction. 

3. THeoreM 3. Let the hypothesis of Theorem 2 be fulfilled, let r(t) be convex for 
t > 0, and suppose no function of P possesses n or more distinct zeros interior to E 
without vanishing identically on E. Then the extremal element p of P is unique as a 
starwise weakly r-nearest element to f, and yields also a strong global minimum. 

We now define 7(t) for negative t by setting 7(—t) = r(t), t > 0; the extended 
function remains continuous and convex for all values of ¢. Since f — p — 6q is 
for every x a linear function of 6, and since r(t) is convex for all t, the functions 
t(f — p — 6q) and |\f — p — 4q) are convex functions of 6. But p is a starwise 
weakly r-nearest element to f, hence yields a global weak minimum on the line 
joining p to p + q and (since such a line is arbitary in P) yields a weak global mini- 
mum in P. 

The totality of globally minimizing functions in P forms a convex set; if this set 
contains more than one element, let two distinct elements be p,; and po. Let p = 
(pi + po) /2. Then we have for all values of the arguments 


r(f — p) < ('/2)r(f — pr) + ('/2)7(f — po), (6) 
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and we have if f lies between p,; and p» the strong inequality 
r(f — p) < ('/2)r(f — mi) + ('/2)r Uf — pr). (7) 


Since p is a competing function in P, it follows from (6) and (7) that f cannot lie 
between p, and po at even a single point of E, because the functions involved are 
continuous. 

It is a consequence of Theorem 2 that f — p has at least n distinct weak sign 
changes in EF, at each of which (by the remark already made) we have f — p; = 
f — p, = 0. Then p; — pz has at least n distinct zeros interior to E and vanishes 
identically. Theorem 3 is established. 

Corouuary. If 7(t) is strongly convex, the conclusion of Theorem 3 is valid without 
a supplementary condition on the zeros of functions of P. 

In this case inequality (6) is strong whenever p; # po. 

The condition imposed on P in Theorem 3 that no function of P possesses n or 
more distinct zeros interior to £ without vanishing throughout /# implies that P 
is of dimension n or less, for if P is of dimension greater than n there exists an ele- 
ment of P vanishing in n preassigned points of # without vanishing identically. 
The remark preceding the statement of Theorem 3 implies (by the hypothesis of 
Theorem 2) that P has dimension at least n, so in Theorem 3 the set P has dimen- 
sion precisely n. For an n-dimensional linear family P the condition in Theorem 3 
is equivalent* ° to unisolvence, and implies the condition in Theorem 2 that a q in P 
exists having sign changes in precisely r(0 < r <n) preassigned points; this is im- 
mediate for r = n — 1 and follows for r(<n — 1) by letting n — 1 — r additional 


sign changes tend to the point x = 1 while keeping fx | q| dx fixed; compare Lemma 
1 below with 7(t) = t. 


4. Although Theorem 2 treats the uniqueness of a 7-nearest function in P, we 
have not yet treated the existence of such a function. Since |/g!! is not properly 
a norm in the classical sense, classical theorems as in references* 7 concerning 
existence of a function of least norm do not apply. Toward proof of existence we 
first establish 

LemMMA 1. Let the linear family P of continuous functions on E:0 < x < 1 be 
finite dimensional, with the basis pi(x), pola), . . ., Pn(x) of linearly independent func- 
tions. Let r(t) be continuous and nonnegative for all t > 0, with r(t) > co + eat for 
t > 1, for appropriate ¢o( <0) and ¢;(>0). Let w(x) be continuous on FE and positive 

n 


ae.onkE. Ifp = > ag; is an arbitrary element of P, and if 


pi < M, (8) 
then for some A(M) we have 
a,| < A(M),. (9) 


We choose, as we may with no loss of generality, the functions p,(2) as normal 
and orthogonal on EF with respect to the weight function w(x); the existence of 
A(M) for one basis implies such existence for the other basis. 

Inequality (8) can be written 


M > fo r(\p| )wde = Se, 7(| p| )wde + Sp, 7(| p| wd, 
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where on E; and £, we have respectively |p| < 1 and |p| > 1. The following 
derivations are immediate: 

Se wde > Sp, wde > Sx, | p| wd, 

M > Sz, 7(\ p| )wde > Sp, (co + c1| p| wade, 


l 
(a —_ of wir) > f |p| wde, 
Cy E2 Ee 
; M a) 
A,(M) = +{1— wdx > p| wd, 
i - - 


where (10) defines A,(1/). 
The coefficients a; are given by the equations 


a; = Sz ppwdz; 


the p; are uniformly bounded on £ in their totality, say by c, so by (10) we deduce 


lai] < cSr lp wdx < cA,(M), 


which is identical with (9). 

The lemma remains valid if the basis of P is countable, uniformly bounded, nor- 
mal, and orthogonal. 

THEOREM 4. Let E, P, w(x), and r(t) satisfy the conditions of Lemma 1 and let the 
function f(x) be continuous on FE. Then there exists a globally r-nearest element of P 
to f. 

If f belongs to P, we may clearly choose p = f, whence | f — p|| = 0, a global 
minimum over P. 

If f does not belong to P, we note that for p= 0 we have || f — p|| = If , so in 
the further study of tunctions p minimizing ||f — p|| we may consider only those p 
for which ||f — pi) < ||f|. Weapply Lemma | to the linear family Py with basis f, 
Pi, Po, - + +) Pn. Then for all p= doa; with |/f — p|| < M = |\f|| we have (9), 
where A() refers to the family Py. For all such p, since the norm is a continuous 
functional of its argument and hence ||f — p/| is a continuous function of the finitely 
many a;, which are bounded, a minimum of || f — p)| exists. 

5. We are now prepared to establish a modified converse of Theorem 1: 

THEOREM 5. With the hypothesis of Theorem 3 except as concerns p, inequality (1) 
for every qin P implies that p is a strong global minimum in P. 

Since P is finite dimensional, by Theorem 4 a global minimum pp» exists. Sup- 
pose p ¥ po. As in the proof of Theorem 3, the norm ||f — po — e(p — po)|| isa 
convex function of «, which by Theorem 3 is for all e(>0) greater than ||f — pol}. 
Consequently we have 

d 


f — po — ep — po)|.-1-> 0. (11) 
de 
Set » = 1 — e; by condition (1) with p as the initial point of the ray there follows 
from (5) 
d 


f —p — (po — p)||,-0+ = 9, 
de 





1230 MATHEMATICS: WALSH AND MOTZKIN Proc. N. A. 8S. 


which contradicts (11). Of course inequality (1) may here be a condition of ortho 
gonality. 
In suitable cases simpler conditions than (1) are sufficient for extremality of p: 
THEOREM 6. With the hypothesis of Theorem 5, a sufficient condition for strong 
global extremality of P is 
See, 7 (\f — pl)lq\wde < 7’(0) Sp, |q| wde (12) 
for every qin P, and if r'(t) < r-r’(O) for all t, a sufficient condition is that for all such q 
r JS n-ne, |qiwde < Sz. lq wdx. (13) 
Inequality (13) for an arbitrary qg implies (12), which implies (1). Of course we 
have here r > 0, since Theorem 2 requires 7’(t) > 0 for? > 0. Naturally we must 
have meas Ey > 0. 
Coro.Luary. With the hypothesis of the latter part of Theorem 6, let p» = u(w) 
denote the minimum over all elements q in P of 


Sz, \q|\ wdx/fg | q| wde. 
Then a sufficient condition for strong global extremality of p is 


" : < p(w). (15) 
We consider the quotient (14) for all elements q of P such that fg|q|wdx = 1; 
the corresponding coefficients a; form a closed set in the space of the a; which by the 
method of proof of the lemma is bounded; hence there is a minimum value of 
Sz,| q| wdx which is not zero if Ep is of positive measure (no q of P has more than 
n zeros interior to F unless q==0o0n £). Thus we have u > 0 if meas Ey > 0. 
If for the #y corresponding to the given f and p we have (15), we also have for 
every qin P 


rSe \qiwde < (1+ r) Sz, | q| wae, 


and (13) follows. 

6. We turn now to the existence of weight functions, with special attention to 
the construction of a suitable weight function for extremality when 7, f, and p are 
given. We establish converses of Theorem 2 and its corollary. 

As a first case we prove (P and 7 as in Theorem 3) 

THeoreM 7. Let P, 7, f, and p (in P) be given where r satisfies the hypothesis of 
the second part of Theorem 6, and suppose f = p ona subset Ey of E having positive 
measure. Then there exists a positive continuous weight function w(x) on EF such that 
p is globally a strongly r-nearest element to f. 

As an analogue to the number u(w) of the Corollary to Theorem 6, we denote by 
o the minimum over all elements q in P of 


Sz, | q| dx/{max| q| ], 


where the maximum refers to #. Again, since meas 2) > 0, the number o exists 
and is positive. To prove Theorem 7 it is sufficient to prove (13), and it is therefore 
sufficient to prove 


r{(max |q| ]fe—r wade < Sp, | q| wade, 
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and if we take w = | on &) it is sufficient to prove 


f wdr < ~. (16) 
E-E r 


The point set £o is closed, so LH — Ey is the sum of a countable number of mutually 


disjoint open subintervals of EL; on the jth such subinterval we define w(x) as 
continuous and positive, equal to unity at both end points, and interior to the 
interval as a U-shaped curve the area under which is not greater than 2~/¢/r. 
With the definition w(x) = 1 on £o, w(x) is continuous and positive on /, and (16) 
is satisfied; Theorem 7 is established. 

Corouiary. If f(x) is continuous on £:0 < x < 1 and if p(x) = ag"~! + aa" 
+... + 4,-;18 a polynomial of degree n — 1 that coincides with f(x) on a subset Ey of E 
having positive measure, there exists a positive continuous weight funciion w(x) such 
that among all polynomials of degree n — 1, p(x) ts the unique one minimizing the 
deviation 


of- p| wdx. 

The numbers yu of the Corollary to Theorem 6 and o of the proof of Theorem 7 
involve intrinsic properties of the family P and point set 2. If P is the family of 
polynomials in x of given degree there are various interesting extremal problems 
relating to P analogous to the use of » and o which easily give either necessary or 
sufficient conditions for best approximators; compare Theorem 6 of reference 1. 
The writers plan to study such problems at a later time. 

7. A second result establishing the existence of a weight function is 

THEeorEM 8. Let the hypothesis of Theorem 3 be satisfied except as concerns p, and 
suppose r'(0) = 0. Suppose f - p has at least n strong sign changes on E. Then 
there exists a positive continuous weight function w(x) on E such that p is globally a 
strongly r-nearest element to f. 


As in Theorem 5, P here has a basis pi, po, ..., Pr. The n functions 
pit (\f — p|)-sgn(f — p) (17) 


are continuous on #. Any nontrivial linear combination of them is of the form 
qt'(\f — p|): sgn (f — p), where q(#0) belongs to P and has at most n — 1 strong 
sign changes on £; thus the linear combination has at least one strong sign change 
on E, since f — p has at least n. Hence, by a theorem due to Dines,* there exists 
a positive continuous weight function w(x) on EF orthogonal to each of the functions 
(17). Consequently the relation (1), now an orthogonality relation, holds for all q 
in P, and Theorem 8 follows from Theorem 5. 

8. The method of Theorem 8 requires the continuity of the functions (17) tor 
application of the theorem of Dines, and thus is less general than is desirable. To 
extend Theorem 8 we prove 

LemMaA 2. Let P be a linear family of dimension n of functions p(x) continuous on 
B:0 <2 <1. Suppose no p(x)(#0) vanishes in n points interior to E. Suppose 
the function g(x) ts bounded and integrable on E and at n + 1 ordered points x, Xo, . . ., 
t,+1 interior to E is continuous and alternately positive and negative. Then there exists 
a positive continuous weight function w(x) on E such that for each p in P we have 





MATHEMATICS: WALSH AND MOTZKIN Proc. N. A. S. 


I(p) = Se gpwdx = 0. (18) 


Let pi, po, ..., Pn bea basis of P. For any choice of &), go, . . ., &, interior to # 
with £) <& <...< £, the determinant D = | p,(é;)| is different from zero, for no 
p(x) (#0) vanishes at all €;. If the £; now vary without changing their order, the 
continuous function D(é&, g, .. ., £2.) remains of constant sign. Set b; = (—1)’. 
D(x}, Xe, . . -, Ly-1, Ljt+i,~. +, Zati). Then we have 


n+1 
d bypr(x;) = 0. 
j=l 


If we set w; = sgn (b;¢(21)):b;/¢(a;) we have w; > 0 and (k = 1, 2,..., n) 


2; w p(x; ¢e(a;) = 0. (19) 


We shall construct the positive continuous function w(x) as piecewise linear, con- 
stant (=w(z,)) and relatively large in each of n + 1 intervals |x — x,;| < y, con- 
stant and relatively small (=a) on EF except in mutually disjoint subintervals 
x— xj} < y + B of FL, with transitional values represented by steep straight 
lines so as to preserve the continuity of w(x). We choose @ positive and less than 
each w;. 


Now let us set /(p) = I) + Ig + [3 + Ih, 
lL, = aSe gpdz, I, = > [wix,) — al sac? gpdx, 


Jj 


me it [w(a;) — al fz? yp ¢P0,; dx, BO,,;=x—-—xzt+rytB, 


Y 
] 


=X [wle)) — al fit? epider, 6h. = 2, + y+ 8-2. 

The n equations /(p,) = 0 for the determination of the w(x,) are linear, and can be 
written 

Dd jc xw(x;) + ad; = (). (20) 


In J; and J, the numbers 6;; and 62; lie between 0 and 1; the numbers d, are uni- 
formly bounded. The coefficients ¢; in (20) are close to 2yp,(x;)¢(2;), in the 
sense that p,(x;)¢(x;) — Cjx/(2y) is small when 8 and y are sufficiently small, by 
the continuity of g(x) in the points x,;, and by the boundedness of g(x) on EL; we 
choose first y and 8 as sufficiently small, then @ sufficiently small so that the proper- 
ties required in the sequel hold. 

Let us set arbitrarily w(271) = w; as in (19). Then the equations (20) have non- 
vanishing determinant and uniquely determine the numbers w(xe), . . ., w(an+1), 
which are near the corresponding w,; and are therefore positive. In fact, the 
minors of the equations (20) after division by 2y are near the corresponding 
minors of the equations (19); we do not need continuity of the coefficients in (20) 
but merely the properties already mentioned. 

THEOREM 9. Theorem 8 ts valid without the restriction r'(O) = 0. 

Here wet set g(x) = r’'(|f — p|) sgn (f — p) on EF; the conditions of Lemma 2 
are fulfilled, and since sgn(0) = 0 the first member of (1) is zero for the w(x) of the 
lemma, so (1) is valid and Theorem 9 follows from Theorem 5. 

Corouuary. [f f(x) ts continuous on E, if f(x) — p(x) has at least n strong sign 
changes on E, where p(x) = aox"—! + aye"? +... + Gn-1, and if the exponent 
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p(= 1) ts given, there exists a positive continuous weight function w(x) on EF such that 
p(x) ts the unique polynomial of degree n — 1 of best approximation to f(a) on E in the 
sense of least pth powers with weight function w(x). 

This Corollary, together with the Corollary of Theorem 7, is a converse of the 
generalizations involving weight functions of Theorems 3 and 4 of reference 1. 

9. The situation for p = © can be summarized in the strengthening of a result 
in the Tchebycheff—Kirchberger—de la Vallée Poussin circle of ideas: 

Let f(x) and P fulfill the conditions of Theorem 5, and let w(x) be positive and con- 
tinuous on F:0 < x < 1. Define |\\g)) = [max |gw|, on E). Then there exists a 
unique p in P for which | f — p| is a minimum, and p is uniquely characterized by 
the condition that either f — p= 0 on E or w\|f — p| takes on the values + |\f — p|| in 
n + 1 ordered points of FE with alternating signs. Moreover, p yields the only local 
minimum of || f — pi. 

Conversely, if for some p in P the function f — p has n strong sign-changes on E, there 
exists a positive continuous weight function w(x) such that p minimizes |\f — p 

To prove this converse it is sufficient to set 


— if |f—pl >e., 
Sage’ 


wir) = 


Bigs 
Hif— pi <e«, 


€ 


where ¢ is suitably chosen. 
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ALMOST PERIODIC SOLUTIONS OF THE INHOMOGENEOUS WAVE 
EQUATION* 
By S. BocHNER 
PRINCETON UNIVERSITY 
Communicated July 28, 1960 
Recently, Luigi Amerio has notably improved two closely connected but separate 
theorems, one of which refers to the inhomogeneous wave equation. The purpose 
of the present paper is to state a third theorem which subsumes these two and which 
has a rather comprehensive setup altogether. 
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Our functions will be defined on the entire infinite line 
J=zf{—oa<i< o}. 
THroreM |. If in the differential equation 


du(t 


) 
= fit 
ri 


u(t) and f(t) are functions from J to a separable Hilbert space H; if f(t) ts almost 
periodic; and if the range of u(t) is bounded; then u(t) is also almost periodic.' 

We ourselves had established this theorem under the stricter assumption that 
the range of u(t) has compact closure, and, in this case, H could be any Banach 
space.2 We recall that a function g(t) from J to a Banach space is almost periodic 
if every infinite sequence of real numbers {8,,{ contains an infinite subsequence 
}a,{ for which the sequence of functions f(t + @,) is convergent, uniformly in J. 
An almost periodic function is uniformly continuous and its range has compact 
closure. 

The next theorem is meant to be Amerio’s result for the wave equation; our 
formulation of it is somewhat more abstract and a little more general. The under- 
lying separate Hilbert space will be denoted by Ze, and, as usual, the symbol 
(p, ) will denote the inner product of two elements of Le. 

We are making the following assumptions. 

(a) There is given an equation 


d*v(t) r 
— = —Bv(t) + g(t) (1) 
dt? 


in which v(t) and g(t) are functions from J to Ly. The symbol B? denotes the 
square of an (unbounded) linear operator B on L2 which is self-adjoint, non-negative, 
and has a complete set of characteristic elements. 

(8) g(t) is almost periodic. 

(y) v(t) is continuous and bounded; the derivative v’(t) exists and is continuous 
and bounded; for all ¢, v(t) lies in the domain of B and the function Bv(t) is con- 
tinuous and bounded. 

(5) v(t) is a weak solution of the equation (1), that is if p is any element in the 
domain of B, then 


d?(v(t), p) 
dt? 


(t), Bp) + (g(d), p), 


the second derivative existing. 

THEoreM 2. Jf the assumptions (a) — (6) are satisfied, then the functions v'(t) 
and Bo(t) are almost periodic.® 

This theorem is an improvement on one due to Zaidman.‘ Earlier work was due 
to Muckenhoupt,® Bochner,® Bochner-von Neumann,’ Soboleff,’ Ladyzenskaya.? 

We will now make the assumption for the new proposition. 

I. There is given an equation 


du(t) 


7 CUO + IO 
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in which u(t) and f(t) are functions from / to a separable Hilbert space H, and C 
is an (unbounded) closed linear operator from H to H defined on a dense linear 
subset of H. 

II. There is given a sequence of closed linear subspaces {| H,} of H, n = 1, 2, 


., any two mutually orthogonal, with 
H=H,+H.2+H;+..., 


such that on each H, the operator C is bounded (and thus also defined everywhere 
on it). 

III. There is given a second closed linear operator A on H, again bounded on 
each H7,,. 

IV. Each H,, reduces the operators A and C, meaning that if u « H,, then Au 
eH,, Cue Hy. 

V. Oneach H, we have 

A*AC + C*A*A 

where A * is the adjoint of A, and C* of C. 

VI. Each H,, is finite dimensional, but nothing is stipulated about the size of 
the various dimensions. 

VII. f(t) lies in the domain of A for each t, and the functions f(t) and Af(t) are 
almost periodic. 

VIII. u(t) lies in the domain of A for each ¢, and the functions u(t) and Au(t) 
are continuous and bounded. 

IX. u(t) is a weak solution of equation (1) in the following sense. If p is an ele- 
ment of an H7,, then 


d(u(t), p) 


= (u(t), C*p) + (f(0, p), 
dt ; 


the derivative existing. 

THEOREM 3. If the assumptions I.-I1X. are satisfied, then the function Au(t) is 
almost periodic. 
The proof of theorem 3, and cognate theorems, will be given in a full length paper, 
and for the present we will only make some remarks. 

Remark 1: The peculiar but decisive assumption V. enters in the following man- 
ner. If we introduce the square length 


E(t) = (Au(t), Au(t)) = || Au(t) |, 


then on each H,, we have 


dk (t) ( , du ) 4 ( | 
dt “ar: 


If we substitute (1) and utilize V. we obtain 


dK (t) ’ 
= (Af, Au) + (Au, Af). 
at 
Especially, if f = 0, then E(t) = constant, and thus E(¢) is a so-called energy tnte- 
gral. 
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Remark 2: The motivation for assumption VI. is as follows. For a finite dimen- 
sional space, H = H, we have proved long ago that our present theorem holds, 
that is (since C and A are bounded on H,), that if f(t) is almost periodic and u(t) 
is bounded then u(t) is almost periodic.'° One can omit the assumption and stipu- 
late directly that the projection of u(t) on each H, is almost periodic. 

Remark 3: Theorem 1 arises from theorem 3 by putting C = O and Au = u. 

Remark 4: Theorem 2 arises in the following manner. We introduce the pairs 
of functions 


u(t) = [v(t), v’(O], f(®) = [O, g(t], 


with values in the product Hilbert space H = Le X Le, and put 


Pai jB,O\ 


ima eee 
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CLUSTER SETS OF ARBITRARY FUNCTIONS 
By E. I. CoLLINGwoop 


LILBURN TOWER, ALNWICK, ENGLAND 
Communicated by J. L. Walsh, July 22, 1960 


1. Let w = f(z) be any one-valued real or complex function defined in the unit 
disk D: }z| |z| < 1} whose circumference we denote by x. The restriction to one- 
valued functions is not essential but is introduced to limit the discussion. No 
other condition is imposed. The mapping by f(z) is into the w 2-sphere S since this 
avoids specialization of the point at infinity. 

In the usual notation, the cluster set C(/, e’) of f(z) at the point e” ¢x is the set 
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of points a ¢ S such that for some sequence }z,{ ¢ D, lim z, = e”, we have 
n—> « 


lim f(z.) = a. IfS ¢ Dissuch that the closure G of G meets « in e” the partial 


n— « 


cluster set Cc (f, e”) is defined by substituting the condition {z,} ¢ G for {zn} ¢ D 


above. Evidently “e (f, e®) © C(f, e) and both these sets are closed. It is con- 
venient to have a special notation for certain sets G. Thus, if G is the radius to 
e” we write C, (f, e'’) for the radial cluster set and if G is the chord making the angle 
g, —/2< ¢ < w/2, with the radius we write C,,,)(f, e’’) for the chordal cluster set 
ate”. IfCisa Stolz angle A having ¢”’ as its vertex we write (, (f, e’’) for the angular 
cluster set. More generally, we shall denote by \, a Jordan curve in D derived by 
rotation through the angle 6,0 < @< 27, about the origin, of a given curve d ter- 
minating at z = 1 and by Cy, (/, e’”) the cluster set on A, at e” All these clus- 
ter sets are closed. 

Another important group of cluster sets associated with the point e” are the 
boundary cluster sets to right and left and the complete boundary cluster set at e’” 
defined as follows. Denote by (@ — 7, @) and (@, 8 + ) the open intervals 9 —  < 
6’ < @and 6 < 0’ < 6+ 7 respectively and write 

C(f, (@ — n, @)) = U 
0’(0 — 7, 8) 

Since (9 — n, 0) is open this set is not necessarily closed. The right-hand boundary 
cluster set of f(z) at e“ is now defined by 

n C(f, (@ — n, @)), 

n 
where C denotes closure. with a similar definition for the left-hand boundary cluster 
set Cy,(f, e”) in terms of C(f, (0,4 + )). The complete boundary cluster set C',(f, e”) 
= (,,(f, e”) u Calf, e'”). All three boundary cluster sets are closed. It is an 
immediate consequence of the definitions that Cg,, Cg, and C,(f, e") are all subsets 
of the complete cluster set C(f, e'’) although they are not necessarily proper sub- 
sets. 

2. <A partial cluster set or a boundary cluster set of f(z) at e”’ which is identical 
with the set C(f, e'”) is maximal. In previous papers I proved the following theorem 
on the distribution of the points e“e x at which certain of these sets are maximal. 

THEOREM A.' For an arbitrary real or complex one-valued function f(z) in D we 


have 
Caf, e”) = Calf, e”) = C(f, e"”) (1) 


except perhaps for a set of points e" of first category on x. 

It turns out that this result is not best possible. Adapting an idea of W. H. 
Young? to the previous method we shall prove that the exceptional set is actually 
at most enumerable. Examples from prime end theory show this to be best pos- 
sible. 

lor internal curvilinear cluster sets we have 

THEOREM B.* Jf the function f(z) exists and ts continuous in D then for any rota- 
tional family of curves }\g} ¢ D we have 


1@ 


Cyo(f, e”) 
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except perhaps for a set of points e" of first category on x. 

A trivial example shows that the continuity condition in this theorem cannot be 
relaxed. We shall, however, prove an analogous theorem for an arbitrary function 
where the curve \, is replaced by an arbitrarily narrow domain of fixed form con- 
taining it. Except for the final step the proof is the same in principle as that of 
theorem B. 

3. We proceed to prove. 

TuroremM 1. If the function f(z) exists and ts one-valued (real or complex) in D, 


but is otherwise arbitrary, then 


Ca-(f, e*) = Calf, e”) = CU, € (3) 


. . . 6 
except perhaps for an enumerable set of points ee k. 


We cover the w-sphere S with a succession of finite quadrangular lattices each 
completed with a north and south polar cap by dividing the equator and a meridian 
into n = 29,7 = 1,23, , equal parts. In each subdivision one of the division 
points is to be the intersection of the equator and the meridian. A lattice point of 
the nth subdivision is thus a lattice point of every subsequent subdivision. 

The meshes of each lattice are ordered in any convenient way, the successive lat- 
tices taking rank in sequence so that no mesh in the total sequence can contain one 
earlier in the sequence. In this way we obtain a sequence of meshes m, ma, 
m,,..-,@ = 1,2, ..., whose diameters tend to zero as y—> © and each one of which 
contains an infinity of its successors. The meshes are supposed to be closed. 
Every point of S is thus contained in an infinity of the meshes m,; and if it is a 
frontier point in the nth subdivision it belongs to two or four neighboring meshes 
in each subdivision of higher rank. 

We denote by Ex, the set of points ee « for which 


Calf, &”) x CC, e”). 


For any ee Hp andany we C(f,e”) a CC,,(f, e”) the point wy belongs to the open set 


CCz,(f, e’), where the symbol @ denotes the complement in S, and therefore there 
exists a mesh m, containing w) and contained in CC;,(f, ¢’’), ie., m, meets C(f, ¢'”) 
but does not meet C,,(f, ce”). Let u(@) be the smallest. value of u for which m, has 
this property. We now aggregate together all those points ee Ep for which u(6) 
has the same (integral) value. In this way we obtain a sequence py, pe,..un, ---; 
which may be finite, defining the subsets Ez, Ep, ... Er,, ... of Ep by the condi- 


tion 
. ") ’ 
H(A) = Un for e''e E Rn: 
Evidently no two of the sets Fz, can have a common point and 


Er = V Eg,. (4) 

n 
Now consider the individual subsets Ez,. A point ee Ep, is the left-hand end 
point of an interval which contains no other point of Hz,. For otherwise we should 
have a sequence }6,; tending to 6 from the right as p— © such that m,, meets 
C(f, e“*) for all large p. But this implies that C,,(f, e'®) meets m,, which is incon- 
sistent with ee L,,. It follows that Lz, isan enumerable set and, by (4), that the 
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same is true of Ez. Similarly, the set E, in which C,,(f, e) # C(/, e’”) isenumerable 
and hence the set FE = Hp U EF, is enumerable. 

The immediate interest of Theorem 1 lies in its application to the theory of prime 
ends where it enables us to prove that the “asymmetrical prime ends”’ are at. most 
enumerable.* Domains for which they are in fact enumerable exist which shows 
that the theorem is best possible. 

4. Theorem B is best possible in the sense that it fails if f(z) is only semicon- 
tinuous, as a trivial example shows. Let Z = }z,{ be a sequence of isolated points 
in D such that Z = x and put f(z,) = 1 for all n and f(z) = O elsewhere. Then 
C(f, e’*) = (0) u (1) for all 6 while C,(f, e'’) = (0) for all except perhaps an enumer- 
able set of values of 6. The function f(z) thus defined is upper semicontinuous and 
of Baire class 1. We shall now show that if the curve \, is replaced by a domain 
generated by sweeping out along A, with a disk of diminishing diameter then the 
cluster set of an arbitrary function in this domain is maximal except in a set of first- 
category on kx. 

Let the originating curve Xo = Ao(t), 0 < t < 1, where \o(1) = 1, be monotonie, 
i.e., such that | Ao(t:)| < | Ao(te)| where t; < te < 1; and let o(t),0 < t < 1, be a non- 
increasing function such that lim o(t) = 0 and a(t) < (1 — |Ad(t)|). od) is as- 


t— 1 

sumed to be small. The open disk d(Ao(t), o(t)) of center Ao(t) and radius o(t) 

sweeps out a domain A(0, ¢) ¢ Dast— 1. A(@, oa) is the rotation of A(O, a) 
through the angie @ and is generated by sweeping out along \y. We now prove 

THEOREM 2. If the function f(z) exists and is one-valued (real or complex) in D but 

is otherwise arbitrary, then for any rotational family of domains A(@, 0) as defined 


above we have 
Cite oy Uh, ) = CY, &) (5) 


except perhaps for a set of points e” of first category on x. 

To prove this suppose the contrary. Then Cy.) (f, e”) # CU, e”) inaset E 
of second category. Since Cav.) (f, e”) is closed there exists « > 0 such that 
C(f, e”) mn C(Ca, «) (fe) + .) isnot empty, where Cav, ,) (f, e”) + .is the e-neighbor- 


hood of Cyv. «)(f, e”). Choose a sequence € > € > ,a>..., im 4 = ¢ 


ri 


10 


and let EL, be the subset of E for which C(f, e”) nm C(Cyv, .)(f, e”) 4,,) is not empty. 
Plainly F, ¢ Bk, ¢ ... ¢ FE, ¢ ..., and a finite numoer of these sets may be 
empty. Further, 
E= UE, 
n 

and, since by hypothesis FE is of second category, we can find N such that Ey is of 
second category. 

Now lay down on Sa finite triangulation 7), 72, . . ., T’,, each mesh being closed and 
of diameter less than €y/s, and denote by Ey, , the subset of Ly in which T, n C(f, 
e”) A C§(Cge gy (f, C”) 4 ey) is not empty. Again, since 


By= VUE 


“ m 


N, ms) 


we can find M < msuch that Ey, y is of second category. Any two or more of the 


sets Ky , may overlap. 
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T ny ry ‘ : ; i 

Next, choose ae7’y. Then for all ee Ey, the distance of a from Cay, 9) (f, e") 
; é a ge | 
is greater than ey/4. We define Ey, y,; as the set of points e > dae eae il 
Ey, w, in which 


(f(z), a] > ene (6) 


for all zeA(@, a), '/2 < |z| < 1, where [f, a] is the spherical distance between f and a; 
and generally we define Ey, y, , as the subset of Ey, y such that (6) is satisfied for 
all zeA(0, «), 1 — 27" < |2| < 1, e“e Ey, wv... Then Ey, y,: ¢ En, u.2 ¢ 
¢ Ey,u.;, € ... and 

Ev. uw = VU Ey, we. ¢: 

qd 

Since Ey, y is of second category we can find Q such that Ey, 4, @ is of second cate- 
gory and hence there is an are 6 of « on which Fy, w, g@isdense. The are 8, the two 
curves A, terminating at its end-points and the circle |z| = 1 — 2~® define a domain 
B, having 8 in its frontier, in which the ares of the curves \y, e“e Ex, 7, @, Which 
intersect it are dense. For any ze B the intersection of the circle |z| = | 2} with 
Ay = Ao(t) determines ¢ and hence also determines o(t).2 Consequently, since a(t) 
is independent of 6, we can find ee Ey, w, @ A Bsuch that zeA(6, c); and from this 
it follows that [f(z), a] > ey. But since 2 is any point in B the inequality (6) is 
satisfied throughout B so that Tye CC(, e”) for all ee 8. But B A Ey, y, pisnot 
empty and is a subset of Ey, y at all points of which Ty n C(f, e’) is not empty. 
We thus have a contradiction which proves the theorem. 


10 
) 


5. Given 6 such that Cy 5) Cf, « C(f, e’) we can construct a Jordan curve 


\’, contained in A(@, ¢) and terminating at e”® such that 
Cy»(f, e”) = CCS, e”) 


For we can find an enumerable set of points w, of S dense in every neighborhood 
of Caw, o)(f, e”’). Make every point w, the center of a disk of radius 6. These 
disks cover Cixi ,)(f, e'”) which is closed. Hence there is a finite sub-covering. 
Starting with any disk d; of this sub-covering we can find a point z;eA(@, «) such that 
f(z,)ed,; for another disk dy of the sub-covering we can find z.«A(@, o) such that 

zo) > |2;| and f(z2)ed.; fora third disk ds of the sub-covering we can find 2;eA(@, o) 
such that | 23) > | 2) and f(z3)e ds; and so on until after a finite number N, of steps 


the covering is exhausted. Join the points 21, 2s, zy, by a monotonic Jordan 


are in A(@, o) and then repeat the process with 6/2 in place of 6 choosing points of 


the part. of A(@, 0) outside the circle z = |zy,| to correspond to points of a finite 
sub-covering of the disks of radius 6/2. Continuing in the same way with 6/3, 
5/4, 5/n, ... and the corresponding sub-coverings we obtain a Jordan curve in 
A(0, o) tending monotonically to e’ which we may denote by X’, = A’4(t), where 
N’,(t)| = |do(t)|. Clearly Cye(f, e'”) = Caw. (f, ee”), and our assertion is proved. 
Since o(t) is arbitrary, subject only to the upper majorant condition ¢ < (1 — |X) ), 
we may make it tend to zero as fast as we please and, in this sense, we may say that 
\’, can be constructed arbitrarily near to \y. Asa corollary of Theorem 2 we thus 
have 
THrorem 3. If the function f(z) exists and is one-valued (real or complex) in D but 
is otherwise arbitrary, \\9t is any rotational family of monotonic arcs in D to the 
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points e'” and a(t),O0 < t <1, is an arbitrary decreasing function subject to the condi- 
tion a(t) < (1 — | Xg(t)|), then except perhaps for a set of points ¢’* of first category on x 
there is a monotonic Jordan arc \',5 = X‘,(t) such that lim X’,(t) = e%, |\%,(t) — 


t— 1 
Ng(t)| < a(t) and 
Cyl f, e”) = Cf, e”). (7) 
6. If dA9(t) is a chord to z = 1 and a(t) is a linear function of 1 — | A 9(t)| then 
A(@, c) is the rotation of a Stolz angle Ay at z = 1 having the chord, which we will 
now denote by p(¢) in accordance with the notation of paragraph 1, as its bisector. 
As a corollary of Theorem 2 we have the result that for a particular Stolz angle A, 


") = ((f, e”) except perhaps for a set of points 


obtained by rotation of Ag, C'a9(f, « 
e”’ of first category on x. It is easy, however, to show that the same is true for any 
Stolz angle A ate’. We have 

Tueorem 4. For an arbitrary real or complex one-valued function f(z) in D there is 
a set of points e"” of first category on x such that for all other points e 


C,(f, e”) = C(f, e*) (8) 


where A is any Stolz angle at 2. 


Let }¢m{ be a dense enumerable set in the open interval —2/2 < ¢ < 2/2 and 
a Re hy , lim » = 0, be a sequence of real numbers. We de- 


note by A,,, ,(@) the angle of magnitude 7, bisected by the chord p(g,,) to ¢ ® (which 
makes the angle ¢,, with the radius to e'’) and is contained in D. For a given m 
this sets a lower bound n(m) to n, the permitted values of n, for ¢, being those for 
which n 2 n(m). By Theorem 3, given m, and n 2 n(m), the equation 


10 


Cam. n(O)(f, e”) = C(f, e”) (9) 


is satisfied for all points e'e x except for a set F,,, , of first category on x. It follows 
» ‘ ‘ . a . r) ’ 
that for every pair m, and n 2 n(m), the equation (9) is satisfied for all e"ex« — EF, 
where 
Bui; 2) 


l m 
n(m) <n< 


is a set of first category. Now given any e“e« — EF and any Stolz angle A having 
its vertex at e’’ we can find m, and n > n(m), such that A,,. ,(@) is contained in A 
so that (4(f, e'®) > Cam. »(O)(f, e'”) = CU, e) and the theorem is proved.® 

7. While, in view of applications to special cases, we need to study the behavior 
of an arbitrary function on approach to the boundary of its domain of existence D 
we must recognize that x is not otherwise a privileged curve; the behavior of an 
arbitrary function f(z) on approach to an internal curve, a chord of D for example, 
is not necessarily any more regular than its behavior on approach to «x; the value 
of f(z) may not even be contained in the cluster set C(f, z). It is only necessary to 
make the obvious changes in notation and definition to prove, by the same argu- 
ments, the appropriate analogues of Theorems 1-4, where x is replaced by a chord 
or some other smooth curve. As W. H. Young showed in his pioneer work on arbi- 
trary real functions of two variables the matter can be carried further. He proved, 
for example, that for such a function defined in the plane the set of points at which 
some angular cluster set of the function is not maximal is of first category.’ 
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! Collingwood, E. F., Math. Zeitschr., 67, 377-396 (1957); ibid., 68, 498-499 (1958). 


2 The theory of the cluster sets of arbitrary real functions originated with W. H. Young. The 
story begins with his paper [1], Quarterly Journal of Pure and Applied Mathematics, 39, 67-83 
(1908), in which he showed that the points of inequality of right and left upper and lower limits 
of a function of a single variable are enumerable. This was followed by a number of papers, some 
in collaboration with G. C. Young, of which the most important are [2] Proc. L.M.S., 8, 117-124 
(1909), in which he proved that for a function of a single variable the points of inequality of right 
and left cluster sets, although not under that or any other compendious name, are enumerable, 
with analogous theorems for several variables; and [3] Bull. Sci. Math., 52, 265-280 (1928), 
which completes and summarises his theory. Young considered only real functions and was 
evidently unaware of Painlevé’s definition of a cluster set (domaine d’indétermination) which had 
been formulated in 1895 for complex functions. Perhaps for lack of a suitable terminology and 
notation to give point to the ideas Young’s theorems attracted little notice and, so far as I can 
discover, have not hitherto been mentioned by writers on complex function theory. I am myself 
indebted to his daughter, Dr. R. C. H. Tanner, for calling my attention to them. The work of H. 
Blumberg, ({2] Fund. Math., 16 (1930) and [3] zbid., 32 (1930), who had independently discovered 
Young’s theorem of 1908 on discontinuities ({1] Bull. A.M.S., 24, 381-383 (1918)), developed 
Young’s Theory of arbitrary real functions a good deal further and gave rise to the theorems of 
Jarnik (Fund. Math., 27 (1936)) and Bagemihl (these ProcEEpINGsS 41, 379-382 (1955)) whose 
well known ambiguous point theorem has important implications for complex function theory. 

Collingwood, E. F., [3] Ann. Acad. Sci. Fennicae, 250/6 (1958). 

* Collingwood, E. F., and G. Piranian, ‘““Asvmmetric prime ends,” Math. Annalen, to appear. 

5 This is the only point at which we use the monotonic property of \». It is not essential since 
in the case of a nonmonotonic \» we can determine ¢ by the first or last intersection with |z| = 

6 This theorem was proved in Collingwood [3] for continuous functions. For arbitrary complex 
functions it has been proved independently by Erdés and Piranian, Math. Nachrichten, (1960), 
to appear who kindly allowed me to see their manuscript. It has also been announced by E. P. 
Dolzhenko, Dokladii Akad. Nauk. SSSR., 129, 23-26 (1959). 

7 Young, W. H., [3]. In this paper Young showed that the exceptional set is what he called 
ridé, i.e., a set consisting of an enumerable set of sets of first category lying upon parallel lines in 
the plane. The comment of H. Blumberg ({3], p. 11) on this definition should be noted. 


SIMPLE CURVES ON COMPACT SURFACES* 
By Bruce L. REINHART 
UNIVERSITY OF MARYLAND AND RIAS 
Communicated by S. Lefschetz, August 3, 1960 


Let M be a compact oriented surface of genus p at least 2. Given any word W 
in the usual generators of 2,(./, x’), we shall give an algorithm for determining 
whether the free homotopy class to which this word belongs admits a simple closed 
(that is, Jordan) curve.' This seems to be related to the problem of determining 
which words can be carried into generators by automorphisms of 7.” 

1. Consider the canonical representation of J/ as a 4p sided polygon, and let D 
be a polygonal disk about the base point. Let W be a word such that no subword 


represents the identity in 2.2 We may represent W by a curve C on M which has 
double points in D and no multiple points outside. The number and location of 
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multiple points are determined except for trivial variations by the word W. C will 
be called an indicating curve for W. 

2. Consider WV as a surface of constant negative curvature, and let p: H > 
M be the covering map of the hyperbolic plane onto 1/. The choice of a base 
point in H fixes an embedding of 7 into the group of rigid motions of H, and hence by 
restriction to the conic at infinity into the group of motions of the real projective 
line. Each such motion a has two fixed points at infinity, and the line joining them 
is the unique geodesic L, mapped onto itself by a. p(L,) depends only upon the 
conjugacy class of a, and is the unique closed geodesic lying in the free homotopy 
class determined by a. Let C,() be the curve in H covering Cea once and starting 
at x. 

Proposition.— The conjugacy class containing a admits a simple closed curve if 
and only if p(Z,) is simple. Otherwise, either a = 8" for some n > 1 or BL, = 


Ligag- meets L,. In either case, any indicating curve C for a has multiple points. 


If we restrict our consideration to y such that C,(x) meets yC,(x), then in the first 
case we can choose y with the same fixed points as @ and in the second case we can 
choose y so that the fixed points of yay~'! separate those of a on the conic at infin- 
ity. 

The proof proceeds by passing to H and considering separately the three cases 
that p(L,) has an infinite number of multiple points, a finite number of multiple 
points, or no multiple points. 

3. THEOREM. Let W be a word which has no subwords equal to the identity, a its 
homotopy class, L, the geodesic left fixed by a, C an indicating curve for W, and C,(x) 
the curve in H starting at x and covering C once. Then corresponding to each multiple 
point of C,(x) there is a word such that its homotopy class maps C(x) onto a curve 
which meets C,(x); let Bi, ..., By be the collection of all the homotopy classes of such 
words. The following situations are possible: 

(A)q = 0. Then a admits a simple closed curve. 

(B) q> 0. 

(1) If at least one 8; has the same fixed points as a, then a is a power and the free 
homotopy class of a admits no simple closed curve. 

(2) If for some 2, By 
closed curve. 

(3) If neither of the cases B1 or B2 occurs, then the free homotopy class of a admits 


meets Li, then the free homotopy class of a admits no simple 


“a “ay 


a simple closed curve. 
This result follows from the preceding proposition with slight additional argu- 
ment. 


* This research was partially supported by the United States Air Force through the Air Force 
Office of Scientific Research of the Air Research and Development Command under Contract 
Number AF 49(638)-382. Reproduction in whole or in part is permitted for any purpose of the 
United States Government. 

' This algorithm actually applies to a much larger class of surfaces than indicated here, but we 
are uncertain of its exact limitations. 

2 Baer, R., ‘“‘Isotopie von Kurven auf orientierbaren geschlossenen Flichen und ihr Zusammen- 
hang mit der topologischen Deformationen der Flachen,”’ J. Reine Angew. Math., 159, 101-116 
(1928), and some unpublished work of 8. Smale. 

3 This may be determined by using the algorithm of M. Dehn, “Uber unendliche diskontinuier- 
liche Gruppen,’’ Math. Ann., 71, 116-144 (1911). 

‘ Klein, F., Vorlesungen tiber nicht-euklidischen Geometrie, (Berlin: Springer, 1928). 





NON-OBSTRUCTING SETS AND RELATED MAPPINGS* 
By Gorvon T. WHYBURN 
UNIVERSITY OF VIRGINIA 
Communicated August 6, 1960 


1. Introduction.—In earlier papers! the type of set which separates no region in 
a locally connected space has been found to play a basic role, particularly when it 
constitutes the singular or exceptional set of points for a mapping. In what fol- 
lows, a further study of such sets will be made along with their connection with 
open and related mappings on sets having near-manifold structure. 

All spaces will be assumed separable and metric. Usually they are assumed to 
be locally connected generalized continua at least, i.e., connected, locally connected 
and locally compact as well as separable and metric. By a region in a space X is 
meant a connected open subset of X. 

2. Almost uniform local connectedness and ()-sets.—A set X is said to be almost 
uniformly locally connected (abbreviated almost u.l.c.) provided that if C is any con- 
ditionally compact subset of XY and ¢ > 0, there exists 6 > 0 such that any two 
points 2, y eC with p(x, y) < 6 lie together in a connected subset of X of diameter 


<< 


Remark: It is readily verified that if XY is the whole space, or is any closed set in 


the space, then X is almost u.l.c. if and only if it is locally connected. 

Now let X be a connected and locally connected space. A nondense closed set 
Q in X will be called a Q-set provided that if R is any region in X, then R — R-Q is 
connected, i.e., Q separates no region in X. (Note: “non-dense’’ means “contains 
no open set’’.) 

The following assertions result at once from the definition: 

(i) Q-sets are finitely additive 

(ii) Any closed subset of a Q-set is a Q-set 

(iii) A closed non-dense set Q is a Q-set if and only if each q €Q lies in an arbitrarily 
small region Rin X such that R — R-Q is connected. 

(iv) Lf X is an n-dimensional manifold, any closed subset of X of dimensionality 
<n — 2128 a Q-set. 

telating the Q-sets with the property of almost uniform local connectedness is 
the 

(2.1) THrorem. A non-dense closed subset Q of X is a Q-set if and only if X — Q 
is almost u. l. ¢. 

For suppose Q is a Q-set and let a conditionally compact set C ¢ XY — Qand e>0 
be given. If there exists no 6 > 0 for the almost u.l.c. property, we readily find a 
sequence of point pairs (x,, Y,) in C and a point q « Q such that both (x,) and 
(yn) converge to g but no connected subset of X — Q of diameter < € contains both 
x, and y,. However, if PR is a region in X of diameter < ¢ containing g, R — R-Q is 
connected (since Q is a Q-set), lies in XY — Q and contains both x, and y, for n 
sufficiently large. This contradiction proves XY — Q almost u.lL.e. 

On the other hand, suppose Y — Q is almost u.l.c. but that for some region R in 
X, R — R-Q is the union of two separated nonempty sets A; and R,. Then some 
q €@Q isa limit point of both 2; and R2, by connectedness of R. Let C consist of g + 
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der, + Lyn, where (x,) and (y,) are sequences of points in R, and R» respectively 
and each sequence converges to qg. Let 3e be the distance from g to XY — R and let 
6 > 0 be given by almost u.l.c. of Y — QforCande. Then p(x, y,) <dand p(xp,q) 
<€ > p(Y¥n, Q) for n sufficiently large. However, this gives a connected subset 
E of X — Q of diameter < € containing both x, and y,; and EF ¢ R and thus in 
R — R-Q, since p(x,, X — R) > 2e > 6(F). This is impossible because x, € Ai, 
Y» € R. and R, and Rk, are separated. Accordingly Q is a Q-set. 

(2.11) CorotLtary. The intersection of any two (or any finite number of) almost 


u.l.c. regions each dense in X is an almost u.l.c. region. 

(2.12) Corotuary. Jf D is any uniformly locally connected region in a locally 
connected space X, the boundary of D is a Q-set in D. 

3. g-mappings.—Let X and Y be connected and locally connected spaces. A 


closed mapping f(X) = Y will be called a g-mapping provided it is locally topolog- 
ical at all points of XY — f~'(F), where F is some Q-set in Y and f~'(F) is non-dense. 

It may be noted that, by known theorems, any light open and closed mapping on 
a 2 dimensional manifold (with or without boundary) is a g-mapping. It will fol- 
low from results below that a light g-mapping on a locally connected generalized 
continuum is necessarily open so that a light closed mapping on a 2-manifold is a 
q-mapping if and only if it is open. 

(3.1) THrorem. Jf X and Y are locally connected generalized continua, the 
property of being a Q-set is invariant under any q-mapping f(X) = Y. 

For let Q be any Q-set in X and let F be a Q-set in Y such that f is locally topologi- 
cal at all points of X — f—'(F). Thenif S is any region in Y, the set R = S — S-F 
is connected and thus is likewise a region in Y. 

Now f(Q) is non-dense. For if not, it would contain a region 7’ not intersecting 
F and so that f~'(7’) consists of a finite number of regions 7), 7s, , 7. in X each 
mapping topologically onto 7 under F. This clearly is impossible, because Q- 7’, 
is non-dense for each 7 whereas > (Q: T,) would have to contain 7’. 

Thus R — R-f(Q) is non-empty. We show next that this set must be connected. 
If not, there exists a subset K of R-f(Q) which is closed in R and so that R — K has 
at least two components RF, and R, each having all of K on its boundary. Now if 
Q’ = Q-f-'(K), Q’ is locally compact, f(Q’) = K and f| Q’ is locally topological. 
Hence there exists a sequence of regions (U,) in X such that f(U,) ¢ R, f| 0; is 
topological and the set Q; = Q’-U, is compact, for each 7, and Q’ = 32Q,. Since 
K = Sf(Q,) and K is locally compact, for some n, f(Q,) contains an open subset 
K’ of K. Choose xel’, so that f(x)eK’ and let G be a region with rG ¢ Gc U, 
such that f(@)-(K — K’) = © (the empty set). Then G — G-Q, is connected, 
since Q, isa Q-set. However, f(G — G-Q,) ¢ R — K [since K’ ¢ f(Q,)] and inter- 
sects both R; and 2, contrary to the fact that K separates R,; and R, in R. (Note: 
If for zeG, f(z)e K, then f(z)e K’ and only one point of U’,, can map onto f(z). Thus z 
must be in Q,,). 

Thus R — R-f(Q) is connected. So also is the set R — R-f(Q) + (S — R) - 
(S — R)-f(Q), because S — R ¢ F ¢ Rand both F and f(Q) are nondense. This 
set, however, is the same as S — S-f(Q). Since S was an arbitrary region in Y, we 
have shown that f(Q) separates no region in Y; and as f(Q) is closed and non-dense, 
it therefore is a Q-set. 

(3.11) CoroLLary. g-mappings have the group property on locally connected 
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generalized continua, 7.¢., Uf fi(X) Y and fo(Y) Z are q-mappings, so also is f = 


loft. 

For if Q is a Q-set in Y so that fi is locally topological at all points of X — fi7'(Q) 
and f;~'(Q) is non-dense and F is a similar set in Z for fo, then the set F = fo(Q) + 
E is a Q-set in Z by (7) of §2 and the theorem; and since f~'(F) > fi~'(Q) and 
fif-(F) > fo-'(B2), fis locally topological on X — f-'(F). Also f~'(F) is non-dense, 
because if not it would contain an open subset U’ of XY — fi-'(Q). However, fi(U) 
is then open and thus contains an open subset U’’ of Y — fo~'(2). Hence F would 
contain the open set fo(’’). 

A mapping f(X) = Y is quasi-open provided that if y « Y and U is any open set 
in XY which contains a compact component of f~'{y), then y is interior to f(U). 

(3.2) THrorem. Let X and Y be locally connected generalized continua and let 
S(X) = Y be a mapping which is quasi-open on X — f~'(F) where F is some Q-set in 
Y. Then f is quasi-open on X. 

Proof: Let ye F and let K be a compact component of f~'(y). Let U be an open 
set about K so chosen that l’ is compact and the boundary C of U’ does not intersect 
f(y). Let Ry be a region in Y about y so that Ro-f(C) = & and define R = Ry — 
Ry-F. Then R is connected and non-empty since F is a Q-set. There exists 
a component G of f~'(R) in U, because f~'(F) is non-dense. This gives f(@) = R 
since G is conditionally compact, G ¢ X — f-'(F) and f) [X — f~'(F)] is quasi- 
open. 

Whence, f(@) R. But R = R, since F is non-dense. Also G ¢ U, because 


f(G)-f(C) = 0. Accordingly we have 
f(U) 29f@4) =R2R 


so that y is interior to f(U). 

(3.21) Corouuary 1. Jf f is light on X, it is open on X. 

(3.22) CoroLuary 2. Every q-mapping on a locally connected generalized con- 
tinwum is quasi-open. 

(3.23) Coro.tiary 3. A light closed mapping on a 2-manifold is a g-mapping if 
and only if it is open. 

Noie: The theorem just proven is related to and actually includes earlier results 
on extension of openness due to Stoilow? and the author.’ — It is also closely related 
to the classical result that a function of a complex variable which is continuous at an 
isolated singular point is necessarily analytic there. 

1. Quast-Manifolds.—A locally connected generalized continuum M will be 
called an n-dimensional quasi-manifold provided it is locally an n-dimensional open 
manifold except possibly at the points of a Q-set. It is readily shown that any 1 
dimensional quasi-manifold is actually a l-manifold. For n > 1, however, this is 
not the case. Indeed an n-dimensional quasi-manifold may have dimensionality 
arbitrarily large or even infinite, in the sense of dimension theory. In other words, 
the Q-set of exceptional points is not limited in its dimensionality. Using a method 
of condensation described earlier,! examples are readily constructed illustrating 
these statements. 

It may be noted also that if D is any uniformly locally connected region in Eucli- 
dean n-space then, by the results in §2, D is an n-dimensional quasi-manifold. 
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(4.1) INvARIANCE THEOREM. The property of being an n-dimensional quast- 
mantfold is invariant under q-mappings. 

For let X be an n-dimensional quasi-manifold and let {(X) = Y be a g-mapping. 
Then there exist Q-sets F in X and F in Y such that X is locally an n-manifold at 
all points of X — F and f is locally topological at all points of X — f-'(F). Now 
by (3.1), f(£) is a Q-set in Y and thus, by §2, (2), so also is the set F + f(2) which 
will be called K. Since f-'(K) 3 f-'(F) + E, f is locally topological at all points 
of X — f—'(K) and X is locally an n-manifold at all such points. Accordingly Y is 
locally an n-manifold at all points of Y — K and thus is an n-dimensional quasi- 
manifold. 

(4.11) Corotuary. The property of being a 2-dimensional quasi-manifold is 
invariant under compact light open mappings. 

5. Degree.—By the degree of a mapping f(X) Y we will understand the least 
integer k, if one exists, such that f~'(y) contains at most / points for every y € Y. 

(5.1) Tureorem. Jf X is a locally connected generalized continuum, every light 
q-mapping f(X) = Y on X has a definite finite degree. 

For let F be a Q-set in Y such that f is locally topological at all points of X — 
f—\(F) and f—'(F) is non-dense. Then Y — F is connected; and since f is compact 
and locally topological on X — f~'(F), by known results,‘ there exists an integer k 


such that f~'(y) contains exactly / points for every y ¢ Y — F. Then since f is light 


and open on X by (3.21) and F is non-dense, it follows that f~!(y) contains Z k 
points for all y ¢ F. 

(5.2) THrorem. Lvery compact light open mapping on a 2-dimensional quasi- 
manifold has a finite degree. 

This is a direct consequence of (5.1) and (3.23). 

* This research was supported by the United States Air Force through the Air Force Office of 
Scientific Research of the Air Research and Development Command, under contract AF 49(638)-72 
at the University of Virginia. 
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STUDIES ON EXPERIMENTAL FEVER WITH PARTICULAR 
REFERENCE TO THE PATHOGENETIC ROLE AND CHEMICAL 
PROPERTIES OF LEUCOCYTIC PYROGEN* 

By W. Barry Woop, Jr., Donatp L. BorRNSTEIN, AND GALE W. RAFTER 
DEPARTMENT OF MICROBIOLOGY, JOHNS HOPKINS UNIVERSITY SCHOOL OF MEDICINE AND SCHOOL OF 
HYGIENE AND PUBLIC HEALTH 
Read before the Academy, April 25, 1960 

lever is a very common manifestation of disease. Its value as a diagnostic sign 
has been recognized for more than 20 centuries,' and yet the precise mechanisms 
which cause it are still unknown. 

About a hundred years ago, a group of German clinicians and pathologists?—‘ ad- 
vanced the theory that fever is in some way related to inflammation. This hypoth- 
esis was supported by the demonstration that purulent exudates contain an ex- 
tractable component which, if injected intravenously, causes fever.*— 

The temperature chart in Figure 1 depicts the response of a cat given an intra- 
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Fic. 1.—Fever and tachycardia produced in a cat by intravenous in- 
jection of 1.5 ml of a gauze filtrate of autogenous pus.* (Reprinted with 
permission of the Editor of the New England Journal of Medicine.) 


venous injection of autogenous pus. The experiment was performed in 1866 by a 
predoctoral medical student at the University of Dorpat.6 Although there is no 
doubt that he produced fever by this method, his results are difficult to interpret in 
the light of present-day knowledge concerning the ubiquity of bacterial pyrogens.® 

These substances, now usually referred to as bacterial endotoxins, are lipopoly- 
saccharides of high molecular weight,’ which are extremely toxic to animal tissues 
and give rise to a characteristic febrile response when injected intravenously® (Fig. 
2). The fever which they produce is preceded by an appreciable latent period 
and is usually biphasic and relatively prolonged. It is regularly accompanied 
by an initial fall in the peripheral white cell count, followed by a leucocytosis. 
When injected repeatedly, bacterial endotoxins give rise to a refractory state, 
known as tolerance,’ in which the latent period is prolonged, the fever is depressed, 
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Fig. 2.—Febrile and leucocytie responses of a normal rabbit injected intra- 
venously with 1.5 ml of a 1:10 dilution of typhoid vaccine.‘ (Reprinted with 
permission of the Editor of the New England Journal of Medicine. ) 
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Fic. 3.—Temperature and leucocytic response of tolerant rabbit to same 
dose of vaccine.'* (Reprinted with permission of the Editor of the New England 
Journal of Medicine.) 
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and the leucopenia is lessened (lig. 3). The occurrence of tolerance has been 
shown to be unrelated to antibody formation’ ' Because of their extraordinary 
stability to heat, bacterial endotoxins are not destroyed by autoclaving and are 
often encountered in hospital wards as harmful contaminants of glassware and 
rubber tubing. 

In 1948, a very different kind of pyrogen was isolated from polymorphonuclear 
leucocytes.'! Unlike the bacterial pyrogens, it was relatively heat-labile, it caused 
no leucopenia (when injected in moderate doses), and it produced a monophasic 
febrile response, preceded by a relatively short latent period and terminating in a 
prompt defervescence.'? In addition, it failed to produce tolerance when re- 
peatedly injected into the same animal. Turthermore, its pyrogenicity in normal 
recipients was found to be the same as in recipients previously made tolerant to 
bacterial endotoxin. 
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Fic. 4.—Upper curves show comparative responses of normal and tolerant 
rabbits to bacterial endotoxin Note that response to endotoxin is suppressed 
in tolerant animals (dotted line). In contrast, lower curves indicate that 
fever-producing effect of leucoeytic pyrogen is uninfluenced by tolerance. 
(Reprinted from Scientific American, 196, 62 (1957), with permission of the 
Editors. 
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This important difference in the responses of tolerant recipients to the two kinds 
of pyrogens (bacterial and leucocytic) is illustrated in Figure 4. In the upper 
graph are shown the fevers produced by a given dose of bacterial endotoxin in a 
normal rabbit (solid line) as compared to that produced in a tolerant rabbit (broken 
line). The depressive effect of the tolerance is evident from the contrasting tem- 
perature curves. The lower chart, on the other hand, depicts the responses of 
normal and endotoxin-tolerant recipients to leucocytic pyrogen. It will be noted 
that the pyrogenicity of the leucocytic factor is completely unaffected by the 
tolerance. The striking difference in the comparative behaviors of the two pyro- 
gens in normal and tolerant recipients provides a useful biological method of dis- 
tinguishing the one from the other.'* 

By making use of this somewhat cumbersome, but nonetheless reliable biological 
test, it has been possible, through passive transfer experiments, to define the 
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Fic. 5.—Relation of mean fever curve of seven donor rabbits receiving intravenous typhoid 
vaccine (upper chart) to concentration of circulating endotoxin and endogenous pyrogen respec- 
tively, as measured by passive transfer to normal and tolerant recipients (lower chart). Fever 
index refers to area under mean fever curve of recipients and is measure of both height and dura- 
tion of fever produced. Whereas endotoxin (stippled area) is rapidly cleared, endogenous pyrogen 
(cross-hatching) persists throughout febrile response, its concentration being approximately pro- 
portional to height of fever.'* (Reprinted with permission of the Editors of the Journal of Experi- 
mental Medicine.) 
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principal mechanisms involved in the production of fever by bacterial endotoxins. '*:'4 


When an appropriate dose of endotoxin is injected intravenously, it causes the 
kind of temperature response illustrated by the donor fever curve in the upper chart 
of Figure 5. If samples of serum, obtained from the donor animal at the intervals 
indicated by the small arrows, are injected into recipient rabbits, the fever re- 
sponses of the recipients (measured in arbitrary fever index units) indicate the 
amount of transferable pyrogen in the donor rabbit’s circulation at the time of the 
various bleedings. If, in addition, each serum is tested in both normal and tolerant 
recipients, it is possible to determine what proportion of the pyrogen being trans- 
ferred is of the endotoxin type and what proportion is of the leucocytic type. It 
will be seen from the lower chart that the injected endotoxin (indicated by the 
stippled area) is rapidly cleared from the blood stream and is eventually replaced 
by an endogenous pyrogen (cross-hatching) which behaves like that derived from 
polymorphonuclear leucocytes. Furthermore, it will be noted that the height of 
the donor rabbit’s fever is directly proportional to the concentration of endo- 
genous pyrogen in its circulation. Conversely, there appears to be no direct rela- 
tionship between the height of the fever and the concentration of circulating endo- 
toxin. Therefore, it has been concluded that endotoxin-induced fever is, in reality, 
caused by the action of the circulating endogenous pyrogen on the thermoregula- 
tory centers of the brain, rather than by the direct effect of the injected endotoxin: 


Injection Injury of cells Release of Stimulation of 
of in circuiation — endogenous — thermoregula- — Fever 
endotoxin (leucocytes) pyrogen tory centers 
of brain 


The following facts add further support to this conclusion: 

(1) When radioactively tagged endotoxin is injected intravenously, it exhibits 
a marked affinity for the white cells of the blood.'® 

(2) Endotoxin is injurious to white cells'’: '* and causes circulating poly- 
morphonuclear leucocytes to stick to the endothelium of small blood vessels.!* 
This phenomenon can be directly observed in the rabbit ear chamber, and appears 
to account for the granulocytopenia which characteristically follows the introduc- 
tion of endotoxin into the circulation. 

(3) The in vitro interaction of leucocytes and endotoxin results not only in the 
eventual inactivation of the endotoxin, but also in the release of endogenous pyro- 
gen from the leucocytes." 

(4) Injected leucocytic pyrogen acts more promptly and more directly upon 
the thermoregulatory centers of the brain than does injected endotoxin.*! 

From all of these findings, it appears reasonably well established that leucocytic 
pyrogen is directly involved in the genesis of endotoxin fever." 2? Other experi- 
mental models have been similarly studied. They include fevers caused by the 
intravenous injection of influenzal viruses,2*-* by the production of hypersensi- 
tivity reactions to tuberculin,”® and by the induction of acute bacterial infections 
due to Type I pneumococci?’ * and to Group A hemolytic streptococci.” In all 
cases, the fevers produced have been shown to be directly related to the presence 
in the circulation of a pyrogen of the leucocytic type. The evidence obtained from 
the study of pneumococcal peritonitis has been particularly conclusive.” For 
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in this model, the endogenous pyrogen has been detected in the peritoneal exudate, 
in the thoracic duct lymph, and in the blood stream. Its presence at all three 
sites has been found to correlate directly with the pyrexia. 

Despite the impressive evidence that endogenous pyrogens play a central rcle 
in the pathogenesis of fever, there is yet no proof that they are all identical, or 
are derived from polymorphonuclear leucocytes." 22. Johanovsky has recently 
reported that cells obtained from lymph nodes of sensitized guinea pigs, when re- 
exposed to the sensitizing antigen in vitro, produce a thermogenic substance simi- 
lar to leucocytic pyrogen.?® Presumably the cells involved are lymphocytes, 
plasma cells, and monocytes. Except for these as yet unconfirmed observations 
of Johanovsky, however, all attempts to detect endogenous pyrogen in mammalian 
cells, other than polymorphonuclear leucocytes, have been unsuccessful.*: *! 

Because of the indications that leucocytic pyrogen per se is involved in the fever 
of acute bacterial infections, and because of its ready availability, a systematic 
study has been undertaken of its chemical properties. The conclusions which 
may be drawn from the work to date are the following. 

The pyrogenic component released from rabbit polymorphonuclear leucocytes 
during incubation in normal saline is a nondiaiyzable protein.*? It is precipitated 
by perchloric acid, and removed by extraction with phenol. Soluble in 50 per cent 
methanol and in 33 per cent saturated ammonium sulfate, it is readily destroyed 
by the proteolytic action of both trypsin and pepsin. 

Efforts to isolate the pyrogen in a homogeneous state have, thus far, resulted in 
the preparation of a partially purified product which contains less than 1 per cent 
carbohydrate and no readily extractable lipid. This material produces a brisk 
febrile response in quantities of 50 micrograms (a 200-fold increase in specific 
activity), and its chemical properties readily distinguish it from bacterial endo- 
toxins,’ from Menkin’s “pyrexin,” ** and from the pyrogenic tissue polysaccharides 
of Landy and Shear.*4 

The physico-chemical data thus far available suggest that leucocytic pyrogen isa 
basic protein. Since leucocytic lysozyme is also a basic protein, and since it is 
known to be released from injured white cells and is present in the circulation during 
experimentally induced fever, the question has been raised as to whether leucocytic 


lysozyme and leucocytic pyrogen may not be one and the same substance. The data 


TABLE 1 
SEPARATION OF LeucocyTic PYROGEN FROM LYSOZYME 
Purification fraction Protein (Mg) Pyrogenicity* Lysozy met 

Original saline extract 12.0 11.8 600 
Butanol (20%) treated extract 

Methanol (50°) supernatant 3.0 10.0 

DEAE (pH 8.0) effluent 0.60 10.3 350 
Acetone (50° 7) supernatant 0.24 10.9 120 
XE-64 (pH 6.2) effluent. 0.05 10.3 0 


*Fever index units. 

+ Microgram equivalents of egg white lysozyme. 
summarized in Table 1 appear to provide a conclusive answer to this question.® 
It will be noted from the figures in the right-hand column that the lysozyme ac- 
tivity of the initial pyrogen preparation is relatively high and that this activity is 
well retained through most of the steps of purification. In the final step, however. 
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which involves a cationic exchange column-XE-64, the lysozyme activity falls to 
zero, Whereas the pyrogenic activity is undiminished. The evident separation of 
the two factors by ion exchange chromatography clearly indicates that they are 
not identical. 

Manifestly, many questions remain unanswered concerning the behavior of leuco- 


cytic pyrogen. Although its release from leucocytes has recently been shown to 


be temperature-dependent and to be markedly depressed by such enzyme inhibitors 
as arsenite, iodoacetate, and p-chlormercuribenzoate,** the precise mechanisms 
involved in its formation and release are still obscure. It is hoped that their nature 
may be revealed by the study of subcellular fractions now in progress. The man- 
ner in which the pyrogen acts upon the thermoregulatory centers of the brain is 
also completely unknown. Further information concerning the structure of the 
pyrogen molecule may conceivably suggest an experimental approach to its mode 
of action. And finally, it is not yet clear whether all of the endogenous pyrogens 
thus far implicated in the genesis of experimental fevers have a common cellular 
origin. The preparation of a specific neutralizing antiserum would greatly facili- 
tate the study of this problem. 

Not until these questions have been answered will the pathogenesis of fever be 
understandable on a molecular basis. 

* These studies were supported by a grant from the Life Insurance Medical Research Fund. 
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AN UNIDENTIFIED, FILTRABLE AGENT ISOLATED FROM 
TRANSPLANTED HUMAN TUMORS* 


By HeLene W. Toouan, GILBERT DALLDORF, MARION BARCLAY, SATISH CHANDRA, 
AND ALICE E. Moore 


SLOAN-KETTERING INSTITUTE FOR CANCER RESEARCH, NEW YORK CITY 
Communicated July 1, 1960 


Cell-free fractions of a number of transplanted human tumors induce a deformity 
in newborn hamsters characterized by small size, flattened foreface or microcephalic, 
domed head, protruding eyes and tongue, absent or abnormal teeth, and fragile 
bone structure.! The effect is now thought to be the late result of infection by a 
filtrable agent readily demonstrable in the tissues of the test animals as well as the 
tumors. The titer of the agent, presumably a virus, and the virulence of the in- 
fection increase rapidly with passage and induce severe morphologic changes and 
death before the deformity is manifest. 

The agent, which is not dialyzable, has been found in ali 8 of the transplanted 
human tumors tested. It has been found also in tissues of patients having cancer. 
It has not been obtained, with one possible exception, from preparations of rat, 
mouse, or normal hamster tissues, nor in a variety of transplantable animal tumors. 
Infant mice and rats are completely resistant. It is neutralized by the sera of 
normal rats and mice, and, to some degree, by sera from normal rabbits, guinea 
pigs, horses, calves, and chickens, but not by the sera of healthy persons and 
normal hamsters. Heating sera at 56° C for 1 hr does not destroy their neutralizing 
power. 

While infectivity is rapidly destroyed by ultraviolet irradiation (the simultaneous 
application of both long (3660A) and short (2537A) waves at a distance of 17 em for 
15 min at 3°C) and by heat, it is remarkably stable in the cold. Preparations 
stored at 4°C have remained infectious for over a year as have tumors frozen at 
—79°C for 2 years. The infectious filtrates contain a preponderance of particles of 
approximately 700A diameter. Particles of similar size have been seen in the HEp 
1 transplanted tumor, where they are individual but congregated in vesicles of 
light-electron density. They characteristically contain a nucleoid 180 to 250A 
in diameter and are unlike those tumor viruses known to us. 

The disease has also been induced in hamsters inoculated in utero. In these 
experiments, the inoculum was injected subcutaneously, usually in the dorsal 
region, in 0.01 or 0.02 ml amounts. The abnormality produced was the same 
whether the injections were made at periods varying from 1-7 days prior to birth 
or within 48 hr after birth. Two of 36 mothers injected intraperitoneally, 1 to 14 
days before delivery, gave birth to young that later became deformed. In each 
instance only a single animal of each litter was abnormal. Usually the mothers 


appeared quite healthy after such injections, although once when the embryos were 
injected 5 days before their delivery, the babies were stillborn, and the mother’s 
liver was enlarged and hemorrhagic. Filtrates of the livers of the babies and that 
of the mother were both active. 


Within a few days following inoculation of potent preparations, lesions may 
appear in the Kupffer cells of the liver. These enlarge, deteriorate, and may 
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contain fragments of red blood corpuscles, or, later, hemosiderin. At this stage, 
subcutaneous extravasations of blood are not uncommon, and at times subcu- 
taneous edema and peritoneal transudate have been seen. Skeletal lesions appear 
within 10days. <A variety of morbid changes have been seen in the bones, including 
the formation of peculiar osteoid tissue and, at the growing ends of long bones, 
a zone that superficially resembles the ‘“gerustmark”’ seen in scorbutus. Weakening 
of the bones is evident by fractures associated with imperfect repair. 

The common pattern of adaptation of the virus to newborn hamsters has been 
characterized by initial deformities, followed in subsequent passages by deaths at 
progressively earlier times with rapidly increasing titers of infectivity. In an 
extensive series begun with a filtrate of the A-42 tumor, only deformities were 
encountered in the first passage. The titer rose from roughly 10-2 (0.02 ml of a 
filtrate of a 1 per cent suspension of pooled liver, spleen, and kidneys) in the second 
passage to 10~‘ in the third and at least 10~° in the fourth passage. In another 
isolation (HEp 3 tumor) the first passage was blind. No deaths or deformities 
occurred. However, a suspension of their pooled livers and spleens collected on the 
7th day caused the death of all the test animals from the 8th to 11th days. The 
liver of the conditioned rat that bore the tumor was infectious and induced de- 
formities in the first generation. There were no deaths. 

Filtrates of the livers of the rats bearing all the 8 transplanted human tumors 


have likewise been infectious, while preparations from normal or conditioned rats 


without tumors have not been active. This is of particular interest, since the livers 
and spleens of cancer patients but not their tumors have induced abnormalities to 


date. 

Inocula prepared from 4 human tumors that have been propagated in vitro for 
many years (HEp 1, HS 1, HEp 2, and Hela), have not produced abnormalities in 
newborn hamsters. These were cultivated in a medium containing horse or calf 
sera. The spleen of a 14-day-old infected baby hamster was grown in media con- 
taining human serum. The medium was changed weekly. The supernatant was 
highly active throughout the 5 weeks the culture was tested. 

Isolations have been made repeatedly from the following transplantable human 
tumors carried in vivo: HEp 1, Hep 3, HEp 4, Hep 5, HS 1, HEmbRh 1, HAd 1, 
and A-42.°-* A number of transplantable mouse tumors, namely Crocker 
sarcoma 180, Ehrlich carcinoma (both of these in the ascitic form), the Bashford 
carcinoma, and Glioma 26, as well as 3 spontaneous mammary tumors of random- 
bred Swiss mice, failed to yield the agent. In these cases 2 blind passages were 
made, not only from the tumors, but also from the pooled livers and spleens and the 
brains of the mouse hosts. In addition, the Jensen rat sarcoma and the Walker 
rat carcinosarcoma 256 have been tested with negative results. Further testing 
of specimens from patients is under way. 

It seems evident that the newborn hamster is suitable for the isolation of a virus 
commonly associated with transplantable human tumors. The virus causes 
unique lesions followed by a characteristic deformity. While the significance of 
the agent in oncology is unknown, it is assumed that others will wish to know of 


these observations. 


* This work was aided by grant No. -109-E10 from the American Cancer Society and was 
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INVARIANT IMBEDDING, CONSERVATION RELATIONS, AND 
NONLINEAR EQUATIONS WITH TWO-POINT BOUNDARY VALUES 


{ICHARD BELLMAN, ROBERT KALABA, AND G. MILTON WING 


THE RAND CORPORATION, SANTA MONICA, CALIFORNIA 
Communicated by S. Chandrasekhar, August 8, 1960 


1. Introduction—The mathematical description of physical processes along 
conventional lines yields linear and nonlinear functional equations with boundary 
value and initial value conditions. The boundary value aspects render the analyti- 
cal discussion of existence and uniqueness of solutions rather complex and the 
computational solution even more difficult. In our survey paper! may be found 
an outline of the way in which many boundary value problems can be reduced to 
initial value problems. In a recent paper,? we have shown how the theory of in- 
variant imbedding can be used to provide conservation relations which enable us to 
bypass spectral theory in the establishment of existence and uniqueness theorems. 
In this paper we wish to consider transport processes in which collision effects intro- 
duce nonlinearities and indicate how conservation relations permit us to obtain 
existence theorems for nonlinear differential equations with two-point boundary 
values. 

2. Classical Description.—Consider a transport process in a one-dimensional 
rod, 0 < z < x in which as a result of interaction with the medium particles are 
absorbed and scattered. Furthermore, collision between particles traveling in op- 
posite directions results in further absorption. Let y represent the intensity of flux 
per unit time incident at x, and u = u(z) denote the flux per unit time passing z to 
the right and v = v(z) the corresponding flux per unit time to the left. 


u 


0) 
The usual reasoning! yields the equations 


u'(z) = —ou + oFu + cBr — o(u,r), 
—v'(z) = —ov + oFv + cBu — o(u,r), 


with the boundary conditions 
v(z) = y, u(O)-= 0, (2) 


a two-point boundary condition. 
The parameters B and F are nonnegative quantities representing the effects of 
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backward and forward scattering, with B + F < 1. The function ¢(u, v)A repre- 
sents the rate of absorption loss in both the « and v streams of particles as a result 
of collisions in the interval [z,z + A]. 

3. Invariani Imbedding A pproach.— Let us introduce the reflection, transmission, 


and dissipation functions: 


r(y,v) = the reflected flux from x per unit time as a result of incident flux of in- 
tensity y per unit time at x. 

t(y,«) = the corresponding transmitted flux from 0. 

d(y,«) = the total flux absorbed per unit time in the rod due to particle-particle 
interaction and interaction with the medium as a result of the 
incident flux of intensity y per unit time at 2. (1) 


Taking account of the effects we have postulated, we obtain in the usual way (see 


ref. 1) the three equations 


) or 
 * oBy + [-—oy + oyF + orB — o(Ysr)I>,, + [-—o0 + oF|r — o(y,r), (2) 


ol P B ., OF 
a [—oy + oyF + orB — o(y,r)| ae 


Od Od 
ao ayA + orA + 26(y,r) + [—oy + oyF + orB — o(y,r)| dy’ 


with the znitia! conditions r(y,0) = 0, t(y,0) = y, d(y,0) = 0. Here A,B,F > Oand 
A+ B+ F = 1. Conservation of matter suggests the equation 


r(y,x) + t(y,x) + d(y,x) = y (3) 


for all 2,y > 0. If we establish this result rigorously, for some initial interval 
0 < x < x, together with the expected conditions r,t,d > 0, we will have the in- 
gredients for an existence and uniqueness theorem for (2) for all x > 0, and for an 
existence theorem for (2.1) for all x > 0. 

To derive (3), we form an equation for r + ¢t + d, 


a) a) 
aa” +t+d) = [-—oy + oyF + orB — o(y,r)| > (r+ t+d) + ocBy + 
a y 


o(y,r) — or + ork + cyA + orA. (A) 
Regarding the coefficient and forcing terms as functions of x and y, it is easy to 
show that r + ¢ + d = y is the unique solution for x > 0. The discrete scheme, 
(correct to o(A)) 
r(iyc + A) = cyBA + rly — oA) + cAyF + cArB — o(y,r)A; 2] 
(: o(y,ryd 


r 


) (1 — cA + cAF), (5) 


t(y,cx + A) = t(y(1 — cA) + cAyF + cArB — o(y,r)A; x), 
d(y,w + A) = cAyA + cMrA + 26(y,r)A + d(y(1 — oA) + cAyF + cArB — 
o(y,r)A; x), 
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obtained directly from the physical process, shows that the functions r,t and d are 
nonnegative for «,y > 0. It follows from standard arguments that as A > 0 these 
functions approach the solutions of (2). 

1. Solution of Original Problem.—The solution of the problem posed in (2.1) can 
be carried out in two ways, once the functions r(y,x) and ¢t(y,«) have been deter- 
mined. In the first place, since u(2) = r(y,x), a determination of r(y,.) reduces the 
problem in (2.1) to an initial value process. Secondly, as indicated in reference 1, 
the internal fluxes, u(z) and v(z) can be expressed in terms of the reflection and 
transmission functions. Computational results will be presented subsequently. 


Bellman, R., R. Kalaba, and G. M. Wing, “Invariant imbedding and mathematical physics 
Particle processes,’ J. Math. Physics, 1, 270-308 (1960). 
2 Jbid., “Invariant imbedding and dissipation functions,’ these PROCEEDINGS, 46, 1145-1147 


(1960). 
Courant, R., and P. Lax, “On nonlinear partial dyperential equations with two independent 
variables,’’ Comm. Pure Appl. Math., 2, 255-273 (1949). 


RECENT DEVELOPMENTS IN SOLAR RADIO ASTRONOM Y* 
By A. MAxweELL 


HARVARD UNIVERSITYT 


This paper deals briefly with present radio models of the solar atmosphere, and 
with three particular types of experimental programs in solar radio astronomy: 
radio heliographs, spectrum analyzers, and a sweep-frequency interferometer. 

The radio emissions from the sun, the only star from which radio waves have as 
yet been detected, consist of (i) a background thermal emission from the solar 
atmosphere, (ii) a slowly varying component, also believed to be thermal in origin, 
and (iii) nonthermal transient disturbances, sometimes of great intensity, which 
originate in localized active areas. Observations of the background radiation, 
throughout the whole radio band, have shown that the apparent temperature of the 
sun at microwavelengths is of the order of 10* degrees, corresponding to tempera- 
tures in the chromosphere, whereas at meter wavelengths it is of the order of 1.5 X 
10° degrees, the temperature of the corona. The slowly varying component is re- 
lated to the total area of sunspots visible on the sun, is most prominent at centi- 
meter and decimeter wavelengths, and is difficult to distinguish at wavelengths 
greater than about 150 em, where it tends to be confused with nonthermal burst 
radiation. The burst radiations are most intense at meter and decameter wave- 
lengths, but are visible at times through the whole spectrum. 

The radiation from the sun at any given frequency f can escape only from out- 
side the boundary at which the electron density N in the ionized solar atmosphere 
reduces the refractive index yu to zero. In the absence of a magnetic field, nu = 


/ a) “9 . Jaro a 
Vi fo?/f?, where fo = VU Ne?/xm = the plasma frequency, and e and m are 


the charge and mass of an electron. The electron density decreases with increas- 
ing height, and thus radiation at centimeter wavelengths can escape from the low 
levels of the solar atmosphere, the chromosphere, whereas at meter wavelengths 
emission is restricted to the outer levels, the corona. Ray trajectories are also 





Vot. 46, 1960 ASTRONOMY: MAXWELL 1261 


governed by the refracting properties of the medium, and give rise to directivity in 
the emission. lor example, the flux at 21 em received at the earth from a localized 
radio source on the solar disk follows approximately a cosine characteristic as the 
source moves across the disk;! and at meter wavelengths, noise storm bursts are 
statistically more intense when the active area is near the central meridian.’ 


(a) 


























Fia. 1.—(a) Directional pattern of 32 clement interferometer. (4) is the powerflux compared 
with that from one element of the array. 6 is the azimuth angle. (Diagram courtesy Dr. W. N. 
Christiansen and the Editor of Proc. Inst. Radio Engrs.) 

(b) Antena lobe system for crossed 64 element interferometer. The solar disk is shown being 
scanned by one of the antenna lobes. (Diagram courtesy Dr. W. N. Christiansen and the Editors 
of Nature.) 

(c) Radio heliogram at a wavelength of 21 em, 1957 December 1, 02.00 U.T. The contour bright- 
ness unit is 0.93 & 105 degrees K. (Diagram courtesy Dr. W. N. Christiansen) 

(d) One arm of the crossed multi-element array at Sydney, Australia. 

(Photograph courtesy Dr. W. N. Christiansen ) 


Radio Heliographs.— Most of the early directional measurements in solar radio 
astronomy were made with simple interferometers comprising two antennas, or one 
antenna and its image in the sea. These interferometers operated at fixed fre- 


quencies and on fixed base lines. In a subsequent extension of this technique, 


measurements were made with two-element interferometers set out on variable base 
lines; and the brightness distribution across the solar disk was then determined by 
Fourier synthesis. A multi-element interferometer was brought into operation in 
1952.4 It comprised 32 parabolic antennas, spaced along an E-W base line 


) 


of 1,000 wavelengths, and gave a series of knife-edge beams, each 3 min of are in 
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width (Fig. la). The two-element and multi-element interferometers suffered, 
however, from their fundamental inability to resolve a complex and varying two- 
dimensional distribution of brightness on the solar disk. 

The first instrument with the capability of obtaining a true two-dimensional 
radio map of the sun was put into operation at a wavelength of 21 cm. (not the radio 
spectral line of atomic hydrogen), in 1957.‘ It combines the principles of the 
multi-element interferometer and the Mills’ cross, and may be regarded as a radio 
heliograph. The antenna consists of 64 paraboloids, each of diameter 19 ft, 
spaced at intervals of 40 ft, and arranged in two rows, N-S and E-W, in the form 
of a cross (Fig. 1d). The signals from the two arms are combined, alternately in 
phase and out of phase, and the component of output which alternates in syn- 
chronism is recorded. The system has a directional diagram which comprises a 
grid of points in the sky (Fig. 1b). As the earth rotates, the various points in the 
grid scan different strips across the sun. The lobe system can also be moved by 
phase adjustment of the N-S arm, and in this way a picture of the sun is built up 
in a period of about half an hour. All 64 paraboloids are turned on equatorial 
axes to continue pointing at the sun during this time. The radio heliograms at 
21 em give an indication of the brightness distribution at a height of approxi- 
mately 40,000 km above the photosphere (Fig. lc). They show a close, but not per- 
fect, correspondence with the chromospheric plages and sunspots. 

A similar multi-element crossed-antenna system has now been put into operation 
at a wavelength of 9 em at Stanford University. Other one-dimensional (E-W) 
multi-element systems, some of which are being extended to incorporate a crossed 
N-S arm, are in operation at wavelengths of 3 cm, 7.5 cm, 88 em, 1.76 m, 3.45 m 
and 11.40 m. Another instrument, giving high resolution in one coordinate 
(nominally heliographic longitude) is a compound interferometer in operation at a 
wavelength of 10 cm near Ottawa.® It consists of a slotted waveguide 46 m in 
length, together with a four-element grating interferometer; these are arranged 
along an E-W line of total length 185 m, and the beamwidth is 1’ X 2°. A high- 
resolution instrument of a more conventional type is the Pulkovo radio-telescope,® 
which has 90 adjustable reflecting elements, of dimensions 1.5 m length X 3 m 
height, placed contiguously along an are of radius 100 m. This has been used to 
scan the sun at 3.2 em, at which wavelength it has a beamwidth of 1’ X 1°. 

These instruments have been used with considerable success to study the slowly 
varying component of solar radio emission, and the observations confirm that the 
radiation is thermal in nature. 

Spectrum Analyzers.—The investigation of intense transient radio bursts from 


the sun dates from observations at meter wavelengths in 1942. Subsequently the 


bursts of radio emission from the sun were investigated in considerable detail with 
fixed-frequency receivers operating at numerous points throughout the whole 
radio spectrum. It was found that the radio emissions usually came in the form 
of a storm of bursts, whose intensity level was often 1,000 times the background 
radiation from the sun, and which frequently lasted for several days. At times, 
generally coincident with the appearance of a great flare on the solar disk, there 
were outbursts of radio noise in which the intensity of emissions could increase 
by a factor of a further thousand or more. Comparison of records obtained with 
receivers operating at different wavelengths revealed that on some occasions these 
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outbursts were first recorded with equipment operating at the short wavelengths, 
while at the longer wavelengths they did not appear until several minutes later.’ 

The most convenient method of studying such solar bursts, which traverse a 
large part of the radio spectrum, is to use receivers which record emissions from 
the sun over a wide range of radio wavelengths. The first such instrument was 
put into operation in Sydney, in 1949, and presently covers the band 25-210 
Me/s. In 1956 a similar experiment was put into operation at the Harvard Radio 
Astronomy Station, in Fort Davis, Texas. The latter equipment now operates 
over nearly six octaves of the electromagnetic spectrum, from 25-580 Mc/s, and 
from 2,100-3,900 Me/s. These equipments use narrow-band tunable receivers 
that are repeatedly swept across a frequency range of approximately one octave, 
and are attached to broad-band antennas. The receivers at Fort Davis sweep 
their respective octave bands 3 times per second, and their outputs are displayed 
on intensity-modulated cathode ray tubes that are photographed with a 70 mm 
continuous motion camera. The spot displacement on each of these cathode ray 
tubes is proportional to the instantaneous frequency of its receiver, while the 
brightness is proportional to the receiver output. The frequency coordinate on 
the spectral films may be interpreted in terms of height in the solar atmosphere, as 
indicated in Figure 2. Other sweep-frequency receivers have also been put into 
operation in Germany, Japan, Colorado, and Michigan. 

The characteristics of the various spectral types of solar radio bursts— duration, 
frequency range, intensity variations, association with flares and prominences, 
diameters, motion on the solar disk, polarization, mechanism of generation —have 


: ° ° ° + re 
heen extensively discussed in the literature.t Noise storms (spectral type I) 


originate in the corona above active sunspots, may last for several days, and are 
essentially confined to meter wavelengths. Slow-drift bursts (spectral type I1) 
are believed caused by a disturbance travelling outwards through the solar atmos- 
phere at a velocity of approximately 10° km/sec, last for 5-10 min, and are usually 
associated with flares of high importance. About 75 per cent of the bursts are 
associated with a second harmonic, but no third or higher harmonics have as yet 
been definitely distinguished. The maximum frequency of the fundamental only 
rarely exceeds 150 Me/s.  Fast-drift bursts (spectral type III) are believed caused 
by a disturbance traveling outwards through the solar atmosphere at 10° km/sec. 
Individual bursts last only a few seconds and they often occur in groups. The 
bursts are frequently associated with flares, often of low importance. Second har- 
monies can sometimes be distinguished. Continuum radiation takes the form of 
an enhancement of the solar radiation, generally over many octaves of the radio 
spectrum. Intense continuum bursts have been assigned the spectral classifica- 
tion type IV, and a short-lived form that occurs relatively infrequently with fast- 
drift bursts is sometimes known as type V; the background continuum that often 
accompanies noise storms is assigned no special spectral label. The larger con- 
tinuum bursts are generally associated with intense flares, and are frequently asso- 
ciated with the emission of low-energy cosmic rays from the sun.!° 
Sweep-Frequency Interferometer.-—The sweep-frequency equipments described 
above measure the intensity of solar bursts as a function of frequency and time. 
It is obviously desirable to supplement these data with information concerning the 
position of the bursts on the solar disk. This has now been done with a sweep fre- 
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quency interferometer, which has been designed to measure one coordinate (nominally 
heliographic longitude) of the solar radio bursts as a function of frequency and 
time.'!!: !2. The interferometer was brought into use in Australia in 1958, and 
uses two broadband rhombic antennas separated by one kilometer on an E-W 
base line. These are connected to a receiver that sweeps the range 40-70 Mc/s 
twice per second. The relative length of the transmission lines to the antennas 
can be varied extensively, and in this way the interferometer lobe system is kept 
on the sun for approximately +2 hr about transit. The signals from the two an- 
tennas are multiplied together, and position measurements can be made to a few 
hundredths of a fringe spacing. A second interferometer system, at a spacing of 
0.25 km, is used to resolve the lobe ambiguities associated with two-antenna inter- 
ferometry. The equipment has automatic lobe switching and phase calibration, 
and the output is displayed as a single intensity-modulated line on the record of a 
facsimile recorder. The instrument measures the centroid of the radio source, in- 
stantaneously at many frequencies, to an accuracy of about +1 min of are. 


The interferometer has been used to investigate the positions on the solar disk 
of about 100 groups of fast-drift bursts, as a function of time and frequency. The 
observations show that the emission-height for the bursts increases with decreasing 
frequency (Fig. 3). This strongly supports the hypothesis that the frequency drift 


of the bursts is caused by a disturbance traveling outward through regions of de- 
creasing electron density and exciting these regions to radiate at their natural 
plasma frequency. I’rom the differences in the times of arrival of different fre- 
quencies, and their relative positions of the solar disk, it is deduced that the velocity 
of the disturbance causing the fast-drift bursts is of the order of 1.5 & 10° km/sec, 
that is0.5¢. (This value is in accord with the velocity previously deduced from the 
spectral characteristics of the bursts and an assumed model of the solar atmosphere. ) 
Observations of an inverted U burst, which is a special type of fast-drift burst,'* 
showed that the appropriate disk position for the ‘forward” and “return” branches 
differed appreciably from one another. This tends to confirm the suggestion that 
these bursts may be caused by a disturbance moving along closed magnetic fields 
of force in the solar atmosphere. 

A few measurements on the slow-drift bursts suggest that they originate in 
much the same manner as that of the fast-drift bursts, but that in this case the 
velocity of the outward moving disturbance is of the order of 1000 km/sec. This 
again is in accord with the velocity that has previously been assigned to disturb- 
ances causing slow-drift bursts, from a consideration of the spectral characteristics 
of the bursts. 

In the case of the continuum (type IV) bursts, all frequencies apparently originate 
at the same source position. That is, the instantaneous position of the centroid of 
the source is largely independent of frequency. This strongly suggests that the 
continuum bursts are not caused by plasma oscillations. In the two observed 
cases, the source was also observed to move transversely by at least one solar radius 
during its lifetime; and this is consistent with results obtained from the multi- 
element, fixed frequency (169 Mc/s) interferometer at Nangay.?: '4 


THEORIES OF RADIO EMISSION FROM THE SOLAR ATMOSPHERE 


Radiation from the Quiet Sun.—The first theoretical considerations of the radio 
emissions from the solar atmosphere were carried out independently by Martyn" 
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and Ginzburg" in 1946. They used magneto-ionic theory and the Kirchoff law 
of emission and absorption to estimate the thermal emission from the sun over the 
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Fic. 3.—The source positions of 8 fast-drift bursts associated with limb flares (optical positions 
shown as open circles). The lines on which the radio sources are located by the sweep-frequency 
interferometer are shown in part only, viz. that part which is close to the radial line drawn through 
the optical flare. The circular ares show the levels of the fundamentals of the plasma frequencies 
for normal (Baumbach-Allen) electron densities in the corona. (Diagram courtesy Mr. J. P. 
Wild and the Editor Austral. J. Phys.) 


radio spectrum. This analysis was repeated with considerably more rigor by 
Smerd in 1950.7 Smerd assumed the solar atmosphere to be spherically sym- 
metrical, used the Baumbach-Allen formula for electron densities in the corona, 
N = 105 (1.55p~* + 2.99p~'*) em~*, where N = electron density and p = dis- 
tance from sun’s center in terms of the photospheric radius, and assumed an ex- 
ponential distribution of electron density in the chromosphere. The boundary be- 
tween the chromosphere and corona was taken as 10,000 km above the phososphere. 
Ray trajectories were derived, and the brightness temperature for each ray was 
computed by integration of the appropriate equation of radiative transfer: 


d (- ) b 2kT 
dr\w) ow d? 


where b = brightness, 7 = optical depth, « = refractive index, 7 = temperature, 
y = free-space wavelength, k = Boltzmann’s constant. 

The theory indicated (i) an increase in the apparent disk temperature from 
approximately 10* degrees at \ = 1 em to 1.5 X 10° degrees at ) = 1-10 m; (ii) 
limb-brightening at decimeter wavelengths; (iil) an increase in disk-size with in- 
creasing wavelengths. 

kixperimental observations of the total intensity of the quiet sun, and of the dis- 
tribution of radio brightness across the solar disk have been made over a wider 
range of wavelengths and have substantially verified the theory. Much of the 
work was done during the sunspot minimum of 1952-1955, with interferometers 
using two-elements at variable spacings, and with the 32-element E-W interfer- 





Vou. 46, 1960 ASTRONOMY: MAXWELL 1267 


ometer mentioned earlier. The brightness temperatures at wavelengths greater 
than 2 m are, however, not yet established to an accuracy better than 1-2 * 106 
degrees. 

The Slowly Varying Component.—Radio emission in the form known as the 
slowly varying component comes from regions that overlie plage areas on the solar 
disk. This component of radiation is most easily recognizable at wavelengths below 
150 cm. Optical and radio data have recently been combined to study one par- 
ticular active region in detail (central meridian passage 1957 December 3-4, 18° $), 
and to deduce the electron densities and temperatures in the chromosphere and 
corona for the region.'® Between heights of about 10,000 and 300,000 km above 
the photosphere, the electron densities were found to be three times the normal 
Baumbach-Allen densities, which was in good agreement with optical measurements 
of the electron density made with a K-coronameter. The temperatures were 
similar to those generally assumed for the “quiet” sun, approximately 1.5 x 10° 
degrees at 300,000 km, falling to 10° degrees at about 10,000 km. These measure- 
ments support the widely held opinion that the slowly varying component of solar 
radio emission is essentially thermal in origin, and originates in dense regions of ap- 
proximately normal temperatures. The radiation is unpolarized, except at wave- 
lengths below 10 cm, where evidence of circular polarization indicates that the 
magnetic fields of the plage areas extend into the lower parts of the radio emitting 
regions. 

Burst Radiation.—(1) Noise storms are nonthermal in origin but there is no 
agreed mechanism for their generation. Two possible mechanisms that have been 
investigated are gyro-radiation and plasma oscillations. Gyro-radiation from fast 
travelling electrons in a magnetic field is emitted mainly in the extraordinary mode, 
the ordinary mode being excited only to a very limited extent. The extraordinary 
mode can not escape at the fundamental gyro-frequency, and hence it would be ex- 
pected that energy should escape mainly as second-harmonic gyro-radiation in the 
extraordinary mode.'® Existing measurements on the polarization of noise storm 
bursts show that they are strongly circularly polarized, and indicate that the radiation 
escapes in the ordinary mode.” ?! It therefore seems unlikely that gyro-radiation 
can be invoked to account for noise storm radiation. As regards plasma oscillations, 
there is little doubt that these can be generated in the solar atmosphere, but there is 
disagreement concerning the manner in which the fundamental frequency of 
electro-magnetic radiation generated in this way can escape from the solar atmos- 
phere. 

(2) Slow-drift bursts are generally attributed to plasma oscillations excited by 
some primary disturbance moving outward through the solar atmosphere at a ve- 
locity of about 1000 km/sec. Such a hypothesis fits well with the sharp emission 
bandwidths of the bursts, the presence of a second harmonics, and with the ob- 
servational results concerning the position of the radiating source as a function of 
frequency. The primary disturbance is generally thought to be an acoustic shock 
wave, possibly associated with the emission of a stream of auroral particles. 

(3) Fast-drift bursts are also believed generated by plasma oscillations, excited 
in this case by disturbance moving outward at a velocity of about 0.5 ¢. It is 


presently suggested that these bursts may be caused by the ejection of streams of 


electrons of near-relative velocities. On the other hand, it is possible that the 
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disturbances giving rise to the fast-drift bursts are in the nature of a fast-travelling 
transverse shock wave. 

(4) Continuum bursts: it is generally believed that the wide-band continuum 
bursts are produced by synchrotron emission from high energy electrons spiralling 
in a magnetic field. The radiating region is often of great angular diameter, >10’, 
and the emission band can be greater than 8 octaves; the magnetic field strength 
is generally assumed to be of the order of 1 gauss, and the density of high energy 
electrons about 100 em.~*. 1%: 2 

In the cases of both the slow-drift and fast-drift bursts, it is often tacitly as- 
sumed that the primary disturbances are guided out through the solar atmosphere 
by a pre-existing magnetic field extending more or less radially from the active area 
visible on the solar disk. The experimental evidence also suggests that in the re- 
gions in which these disturbances are propagated, the electron density is about 10 
times that given by the normal Baumbach-Allen valwes. That is, the disturbances 
appear to move outwards along condensations of electron density in the corona 
(coronal streamers). In this connection we may note that radio observations at 
meter wavelengths of the occultation of the Crab nebula by the solar corona also 
demonstrate the existence of inhomogeneities in the electron density of the corona. 
The occultation measurements indicate the presence of inhomogeneities that are 
anistropic, are elongated along magnetic lines of force stretching outward from the 
sun, and have electron concentrations about 10 times the normal Baumbach—Allen 
values. ?3: 24 

Conclusion. At the present time, about one third of the total effort in radio 
astronomy is devoted to studying the sun. It is not possible to discuss this vast 
amount of work in one brief paper, and a number of important experimental and 
theoretical programs have consequently not been mentioned. Some of these are: 
measurements of the polarization of the transient bursts; observations at wave- 
lengths >10 m: precise measurements, at wavelengths <10 em, of the intensities 
and positions of radio sources on the solar disk; the association of flares and promi- 
nences with various types of solar radio bursts; the association of radio bursts with 
geophysical phenomena. 

With respect to theoretical work, it is commonly agreed that the present models 
for the quiet-sun radiation and the slowly varying component are in good accord 
with the observed data. In the case of the nonthermal radiation the position is 
much less satisfactory. There is no accepted mechanism for the generation of 
noise storms (spectral type I), the most common of all solar radio bursts. The 
theories for the origin of the slow-drift (type II) and fast-drift (type III) bursts 
plasma oscillations excited by an outward traveling disturbance—are undoubtedly 
crudely oversimplified, but provide working hypotheses, and, as such, find reason- 
able acceptance. The continuum (type IV) radiation is generally ascribed to the 
synchrotron mechanism. Little attention has been paid to the formidable problem 
of a detailed analysis of the propagation of shock waves or corpuscular matter 
through the solar atmosphere, and virtually no attention to the conditions and 
manner in which energy from fast-traveling particles or shock waves is transferred 
into electromagnetic radiation. 
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* Summary of a paper read at a Symposium on Radio Astronomy at the Autumn Meeting of 
the National Academy of Sciences, November 17, 1959. Other papers from the symposium, by 
J. H. Oort, R. Minkowski, and J. A. Giordmaine, appear on pages 1-19 and 267-275 (Vol. 46). 

+ Permanent address: Harvard Radio Astronomy Station, Fort Davis, Texas. 

t Recent summaries will be found in the Paris Symposium on Radio Astronomy, ed. R. N 


Bracewell, Part II (Stanford University Press, 1959); and in Maxwell, A., W. E. Howard, and G. 
Garmire, J. Geophys. Res., in press. 
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